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Abstract

This paper is concerned with pressure driven flow behaviour of molten viscoelastic polymers and reports experimental data and matching
numerical simulation for a linear low density polyethylene (LLDPE) melt flowing within an entry and exit slit geometry. Pressure driven processing
experiments were carried out using a multipass rheometer (MPR) and time dependent flow birefringence and pressure data were obtained for a series
of different flow conditions. A matching numerical simulation was developed using a Rolie Poly constitutive equation with the additional factor
of compressibility included. Most but not all rheological parameters were obtained from rheometric viscoelastic measurements on the polymer.
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sing the non-stretching version of the constitutive equation, the simulation was able to capture many of the observed experimental features and
emonstrated that the Rolie Poly equation was effective in describing the flow of the LLDPE tested. The sensitivity of both viscoelasticity and
ompressibility was demonstrated for the time dependent build up and relaxation of stress and in addition, the simulation was successfully able to
redict an initially unexpected time dependent variation of the absolute pressure measured in the upper and lower barrel chambers of the MPR.

2006 Elsevier B.V. All rights reserved.
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. Introduction

The steady development of advanced viscoelastic constitutive
quations and their ability to be modelled for complex flow situ-
tions using numerical methods has resulted in a situation where
umerically modelling is now commonly used to describe and
redict complex rheological or engineering processing flows.
here is however a need to test both constitutive equation and
umerical simulation for non-rheometric flow conditions and
his paper presents experimental data and numerical simulation
or a flow situation that captures many aspects of pressure driven
olymer rheometry and processing.

In terms of polymer melt rheology, the Carreau–Yasuda equa-
ion [1] has become a well-established constitutive equation that
s capable of describing the shear thinning rheology of molten
olymers. In terms of viscoelastic constitutive equations, there
as been a progressive evolution from the simple Maxwell model
o more advanced equations such as the PTT type model [2] and

∗ Corresponding author. Tel.: +33 493957435; fax: +33 492389752.

the Wagner [3] integral model. More recently, the advent of the
Doi and Edwards [4] theory has produced a family of molec-
ular based models developed, for example, by Mead et al. [5],
Marrucci [6], Wagner et al. [7] and Mcleish and Larson [8]. The
Pom-Pom model which was originally formulated for branched
polymers has formed the basis of a number of related constitu-
tive equations [9,10] and a development of this type of modelling
was the Rolie Poly constitutive equation [11] introduced specif-
ically for linear chains. In this paper, we have chosen to use
the Carreau–Yasuda equation to follow shear thinning response
alone and the Rolie Poly equation to capture viscoelastic effects.

Recent advances in numerical simulation [12] have made
it possible to simulate a wide range of constitutive equations
for different complex geometries, see, for example [13]. In the
past, a significant difficulty has been associated with the “high
Weissenberg number” problem, however the advent of improved
numerical techniques, realistic constitutive equations and the
application of relaxation spectra rather than single mode, has all
helped to make numerical simulation move closer to experimen-
tally observed situations.

In the case of pressure driven flow, Hatzikiriakos and Dealy
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[16] showed that compressibility effects can be important, par-
ticularly in relation to time dependent viscoelastic flows and
in this paper we introduce constitutive modelling, numerical
techniques and compressibility to describe a precise process-
ing situation. The experiments were carried using a Cambridge
multipass rheometer (MPR) [17] and this instrument provides
well-defined boundary conditions to the flow that can be matched
with the numerical simulation. In the experiments reported in
this paper, both pressure measurements and flow induced bire-
fringence data are presented and compared with simulation. The
coupled, time dependent, birefringence and pressure data pro-
vides a strong test for the validity or otherwise of any modelling.
Most previously reported matching of simulation with experi-
ment have either involved matching flow birefringence data or
pressure drop measurements but not the two simultaneously.

2. Experimental protocol

A Dow linear low density polyethylene LLDPE (Dowlex
NG5056E) was used for all experiments. The material is a gen-
eral purpose extrusion grade polymer that does not have process-
ing difficulties in relation to extrusion instabilities. Experiments
were carried out using a slit test section (shown in Fig. 1) with
two different multipass rheometers MPR4 and MPR2, the spec-
ification for each is given in Table 1. In both cases, polymer
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Table 1
Specification of multipass rheometers 2 and 4, slit geometry and experimental
conditions

MPR4 MPR2

Piston diameter, Φ (mm) 10 12
Sample volume (mm3) 8735 13562
Mean pressure (bar) Ambient 20
Piston speed, vp (mm/s) 5 4
Piston displacement (mm) 10.55 6
Initial upstream volume, Vu (mm3) 4437 6623
Initial downstream volume, Vd (mm3) 4277 6918
Slit gap, h (mm) 1.35 1.35
Slit length, L (mm) 1.5 1.5
Slit width, W (mm) 10.15 10.15

followed. In the case of MPR2 experiments, the pistons were
initially moved together in order to induce an internal pressure
of 20 bar and subsequent experiments were carried out at this
mean pressure.

3. Compressibility and constitutive models

The purpose of the modelling approach was to identify
both viscoelastic and compressible contributions on the stress
dynamic, as these two contributions will involve a time depen-
dent response of the polymer. Three different kinds of models
were tested: a compressible viscous (Carreau–Yasuda) model,
an incompressible viscoelastic (Rolie Poly) model and a com-
pressible viscoelastic (Rolie Poly) model.

3.1. Compressibility

Isothermal compressible behaviour was simply included in
the models using a state law linking thermodynamic pressure
and density, assuming that isothermal compressibility K of the
polymer is a constant. This then leads to the following state law

ρ

ρref
= eK(p−pref), (1)

where ρ is the density, p the thermodynamic pressure and the
subscript ‘ref’ indicates a reference state.
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ellets were introduced into the MPR barrels and test sections
nd the system was brought up to the test temperature of 185 ◦C.
n the case of MPR4 experiments, the starting pressure was
lose to ambient and pressure and flow birefringence data were
btained in a manner similar to that described in ref. [17]. For
xperiments described in this paper, a single pass extrusion was
sed where the pistons started from rest and then advanced at
fixed velocity for a set period of time. Flow induced birefrin-
ence and pressure values were recorded as a function of time
t start up, during and after piston movement. The MPR2 appa-
atus had larger upstream and downstream volumes than MPR4
nd consequently compressibility effects could be more readily

ig. 1. Detail of the two-dimensional numerical grid and schematic diagram of
he slit experimental geometry (gap, h = 1.35 mm, length, L = 1.5 mm, and width,

= 10.15 mm) that was used in both MPR2 and MPR4 experiments.
.2. Constitutive models

In all the modelling approaches used, the Cauchy stress tensor
was defined as the sum of an isotropic pressure term and a

raceless extra-stress tensor �

= −pI + �. (2)

In the case of the compressible Carreau–Yasuda model, � is
iven by

= 2η(γ̇c)

(
D(u) − ∇ · u

3
I
)

, (3)

here u is the velocity field, D(u) the strain rate tensor and η(γ̇)
s the strain rate dependent viscosity classically defined by

(γ̇c) = η0(1 + [λγ̇c]a)(n−1)/a
, (4)
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where a modified expression for the strain rate was used in the
compressible case:

γ̇c =
√

2

(
D(u) − ∇ · u

3
I
)

:

(
D(u) − ∇ · u

3
I
)

. (5)

In the case of the Rolie Poly model, which is a suitable model
for linear polymers, proposed by Likhtman and Graham [11], we
choose a non-stretching version, assuming that chain stretch was
not activated for the moderate values of the srain rate and relax-
ation times present in our experiments. A multimode version
was used where the extra-stress tensor � is then expressed by

� =
∑

i

3Gi

(
Ci − 1

3
I
)

, (6)

where Gi is the shear modulus and Ci the “orientation” tensor
(a unity trace conformation tensor) of the ith mode, and the
evolution equation for Ci is given by

dCi

dt
− ∇u · Ci − Ci · ∇ tu + 2(∇u : Ci)Ci

= −
(

1

θi

+ 2β|∇u : Ci|
) (

Ci − 1

3
I
)

, (7)

where θi is a relaxation time and β is the convective constrain
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Gi = ρ

ρref
Giref . (9)

Influence of density on other material parameters is
neglected. By choosing a model involving a weak coupling, we
assumed that the underlying kinetic theory on which the Rolie
Poly is based is not affected by compressibility, whereas the
expression of the viscoelastic shear modulus is proportional to
the density as it is usually shown in the so called microscopic
expression for the stress tensor [4].

3.3. Parameter identification

A six-mode linear relaxation spectrum was determined from
linear dynamic moduli measurements using a ARES Rheo-
metrics rheometer (see Table 2). Assuming the validity of the
Cox–Merz rule, one then obtains the steady shear viscosity as
a function of shear rate η(γ̇), which was used to determine the
Carreau–Yasuda parameters (see Table 2).

The CCR β parameter of Eq. (7) does not significantly influ-
ence the η(γ̇) curve, the pressure difference or the time depen-
dent response of the direct simulation. We have therefore chosen
to use a semi-arbitrary identification procedure by adjusting its
influence and matching between numerical and MPR4 experi-
mental birefringence pattern observed at slit outlet. The value
of β = 0.2 gave good qualitative results and was then chosen for
a
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G 7 × 10
θ 3 × 10
elease parameter. As suggested by Ianniruberto and Marrucci
18], we modified the original equation by adding an absolute
alue to the convective term |�u:Ci| in order to account for
rientation renewal occurring in fast reversing flows (which is
ncountered in our case at slit outlet). Moreover, this modifi-
ation avoids the appearance of numerical instabilities due to
ossible change of sign of the overall time ((1/θi) + 2β(�u:Ci))
f the relaxation term in Eq. (7).

A weak coupling between compressible effects and vis-
ous/viscoelastic effects was chosen, by assuming a linear den-
ity dependence of the Carreau–Yasuda plateau viscosity η0 and
iscoelastic shear modulus Gi, see, for example, Wapperom and
ulsen [19]:

0 = ρ

ρref
η0ref , (8)

able 2
arreau–Yasuda parameters and linear viscoelasticity spectrum (half of the sh
85 ◦C

arreau–Yasuda model

0 (Pa s)
(s)

Modea

1 2 3

i (Pa) 0.5 × 7.69 × 105 1.82 × 105 7.6

i (s) 6.56 × 10−4 3.65 × 10−3 2.0

a Six modes relaxation times spectrum.
ll simulations.
Finally, the isothermal compressibility parameter K was sim-

ly experimentally measured by moving both MPR pistons
ogether and fitting the pressure—ln(volume) experimental data.
his procedure gave a value of 1.26 × 10−9 Pa−1 for K.

.4. Characteristic time scales for the experiments

The apparent shear rate of the steady-state flow within the slit
s classically defined as

˙a = πΦ2vp

4h2W
, (10)

here Φ and vp are, respectively, the piston diameter and the
iston speed and h and W are, respectively, the slit gap and width.
t is then possible to define a Weissenberg number of the flow

t relaxation mode has been splitted into a Newtonian solvent contribution) at

8.584 × 103

6.401 × 10−2

5.151 × 10−1

3.605 × 10−1

4 5 6

4 2.03 × 104 3.53 × 103 5.12 × 102

−2 1.13 × 10−1 6.27 × 10−1 3.49
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by using the viscosity averaged relaxation time of the material

We = γ̇a ×
∑

i

Giθ
2
i

Giθi

, (11)

however it should be remembered that the long relaxation modes
are dominant in relation to viscoelastic effects.

To evaluate a time scale for compressible effects within the
multipass rheometer, the same modelling assumptions as in ref.
[16] have been used, considering that compressible effects are
mainly located in the upstream and downstream barrels and that
pressure gradient is created by the flow within the slit. It results
in the following differential equation for the pressure drop

d	p

dt
= 1

K
×

(
1

Vu
+ 1

Vd

)
×

(
π

Φ2

4
vp − Qs

)
, (12)

where Vu and Vd are characteristic volumes of, respectively, the
upstream and downstream barrels and Qs is the flow rate within
the slit. For a given pressure drop, the value of Qs is estimated
by the equivalent steady-state Newtonian formula

Qs = h3W

12ηaL
	p, (13)

where ηa is the Carreau–Yasuda viscosity (Eq. (4)) calculated for
γ̇ equal to γ̇a and L is the slit length. Substituting this value in Eq.
(11) gives a first-order differential equation for the pressure drop,
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sically expressed by taking the L2-inner product 〈.,.〉 on the
computational domain of both momentum and mass conserva-
tion equations with admissible test functions:〈

2ηs

(
D(u) − ∇ · u

3
I
)

, D(u∗)

〉
− 〈p, ∇ · u∗〉

= −
〈∑

i

�i, D(u∗)

〉
(15)

〈
K

(
∂p

∂t
+ u · ∇p

)
+ ∇u, p∗

〉
= 0, (16)

where the viscous term ηs in the Stokes problem was obtained
by splitting half of the shortest viscoelastic mode of the Rolie
Poly model into a solvent Newtonian behaviour of viscosity
ηs = 0.5 × G1 × θ1. Each viscoelastic mode contributed to the
stress as given in Eq. (6) and the SUPG formulation for each
conformation tensor evolution equation was:〈

dC
dt

− ∇u · C − C · ∇ tu+2(∇u : C)C +
(

1

θ
+ 2β|∇u : C|

)

×
(

C − 1

3
I
)

, C∗ + h
u
|u| · ∇C∗

〉
, (17)

where h is the square root of the surface of the element.
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ith the following characteristic time scale for compressible
ffects:

comp = 12ηaLK

h3W

(
1

Vu
+ 1

Vd

)−1

. (14)

Using the values given in Tables 1 and 2 for MPR4 experi-
ents gives the following values for, respectively, the apparent

hear rate, the Weissenberg number and the characteristic time
cale for compressible effects: 21.2 s−1, 18.6 and 6.5 × 10−3 s.
or MPR2 experiments, they, respectively, are: 24.5 s−1, 21.5
nd 9.6 × 10−3 s.

. Numerical simulation

A two-dimensional, time dependent, finite element code,
ased on the MEF++ software (developed at the GIREF, Uni-
ersité Laval, Que., Canada, see, for example, Belhamadia et al.
20]) was used to simulate the flow of the polymer within the
ultipass rheometer.
The numerical method uses an extension of incompressible

ixed finite elements and a low Mach number compressible
ow solver, see comprehensive work of Webster and co-workers
21–23]. The code is based on a decoupling, within each time
tep of an implicit Euler integration technique, between the
ompressible Stokes problem perturbed by a viscoelastic contri-
ution and the evolution equations for the conformation tensor
f each mode, stabilized by a streamline upwind Petrov/Galerkin
ethod, see Ervin and Miles [24] for a complete analysis of the

umerical strategy.
The mixed weak formulation of the compressible Stokes

roblem, in which inertia effects were neglected, was clas-
The domain was divided into triangle elements (see Fig. 1)
nd spatial discretization was performed using a quadratic
pproximation for the velocity and linear approximation for the
ressure and conformation tensor [24]. Finally, using a “quasi-
ewton” scheme, the weak forms of the Stokes and constitu-

ive equations problems were linearized (apart from the CCR
erm in Eq. (17) which involves an absolute value) and non-
ymmetrical algebraic systems were solved by using a direct
olver.

. Results

Experimental results are either presented in terms of flow
irefringence retardation contours or pressure data as a function
f time. Matching numerical simulations were performed for the
ame volumetric flow boundary conditions using the rheological
ata provided in Table 2.

Numerical computations were done on a mesh made of 5641
lements (of which a detail is shown in Fig. 1), which corre-
ponds to 15 elements in the slit gap, and by using a time step
f 10−4 s. For each computation, upstream and downstream vol-
mes of the mesh are the same as given in Table 1. Accuracy
f computed solutions has been checked by comparing pressure
urves and birefringence patterns obtained on a coarser mesh
ade of 2807 elements (10 elements in slit gap) and by using a

ime step of 5 × 10−4 s.
A range of stress optical coefficients have been speci-

ed for polyethylene [25] and we have chosen a value of
.43 × 10−9 Pa−1 that falls within the range quoted for LLDPE
nd gives consistent results with our observations. It should be
emembered that the numerical simulation is two-dimensional
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and the birefringence is calculated on the assumption that the
retardation is uniform throughout the depth of the slit. Both these
assumptions are not true, however recent numerical results by
Clemeur et al. [26] show that the two-dimensional approxima-
tion for flows such as this is not unreasonable.

5.1. Comparison between flow induced birefringence and
numerical simulation, MPR4 experiments

A series of time dependent flow birefringence patterns and
matching numerical principle stress difference contours are
shown in Fig. 2. For this set of data, the simulation used the Rolie
Poly constitutive equation coupled with compressible flow. The
top section of each time sequence corresponds to the numeri-
cal simulation and the bottom section to the experimental flow
birefringence. The piston movement starts at t = 0 s and stops at
t = 2.81 s. The photographs and simulation show good qualita-

tive matching although close inspection shows some quantitative
differences. At time t = 0.06 s, the general form of the contours
are similar, but the centre line contours in the entry region do
not match exactly. The steady flow situation is captured at times
t = 0.84 and 1.2 s and again the entry flow match is poorer than
the slit or exit flow. Relaxation behaviour after piston movement
cessation is followed for times t = 2.85–3.4 s and here the simula-
tion is predicting a slightly faster relaxation than experimentally
observed.

Given the uncertainties in both the experiments and the
numerical simulation, the overall impression from the data given
in Fig. 2 is that the model predictions are satisfactory. Exact
quantitative comparison of flow birefringence patterns is pos-
sible but difficult [27] and we have found in this case that a
detailed comparison of pressure behaviour is more useful when
comparing different aspects of the numerical simulation and this
is given in the two following sections.

F
i

ig. 2. MPR4, matching of time dependent simulation (top) with experiment (bottom
n the figure, slit geometry is drawn in white on the pictures. Rolie Poly simulation w
) for LLDPE at 185 ◦C for a piston speed of 5 mm/s. Flow is from left to right
ith compressible flow.
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5.2. The effect of compressibility and viscoelasticity on
pressure difference behaviour, MPR4 experiments

The detailed way in which different simulations compare with
pressure difference measurement is shown in Fig. 3. The exper-
imental data shows the classic pressure build up, followed by a
steady flow period and a subsequent stress decay. The pressure
data in Fig. 2 corresponds to same experimental birefringence
sequence given in Fig. 2. Three simulation profiles are shown
and in general all the simulations capture the gross features of
the pressure profile however there are differences particularly in
the time dependent part of the profiles. The compressible flow
Carreau equation captures the time dependent pressure build
up well, but gives a low steady-state pressure. The steady-state
mismatch is probably due to a lack of the model predicting die
entry and exit effects and should not necessarily be considered
as a major failing of the model. The compressible Carreau pres-
sure relaxation data on flow cessation is interesting in that at
high pressures the model initially follows the experimental data

well; however, after longer times, the experimentally observed
pressure relaxation is slower than predicted. The incompressible
Rolie Poly simulation had as expected a faster pressure build up.
The steady flow match was improved over the Carreau and the
initial pressure relaxation is also faster than the Carreau.

The compressible Rolie Poly simulation gave an accurate
match throughout the simulation. Pressure build up and steady
flow were in good agreement with experiment and, of particu-
lar interest, both short and long time pressure relaxation were
well matched. It can be concluded from these results that for
this set of conditions, the early stages of pressure release is
controlled by compressibility effects and the later stages by vis-
coelasticity. The data presented in both Figs. 2 and 3 show that
the compressible flow Rolie Poly has matched the experimen-
tal data to a tolerance level associated with the experimental
uncertainties.

For the experimental conditions described here, the effect
of compressibility and viscoelasticity were relatively mild and
in order to demonstrate stronger compressibility effects, further

F
a

ig. 3. Time dependent pressure difference profile for MPR4, LLDPE at 185 ◦C at a p
nd relaxation (bottom right) flow. Experimental data (error bar I), compressible Carre
iston speed of 5 mm/s, complete curve (top) and details of start up (bottom left)
au (– – –), incompressible Rolie Poly (—) and compressible Rolie Poly ( ).
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Fig. 4. Time dependent absolute pressure profiles for MPR2, LLDPE at 185 ◦C at a piston speed of 4 mm/s. Experimental data (error bar I) for both top (top curves)
and bottom (bottom curves) piston, matching numerical simulation ( ) for compressible Rolie Poly model.

experiments using the larger volume MPR2 were carried out as
described in the next section.

5.3. The effect of absolute pressure on pressure profiles,
MPR2 experiments

A second series of experiments using the same grade poly-
mer and the same slit section as used in the previous section was
carried out with MPR2. In this case, the polymer was pre pres-
surised to 20 bars and the flow carried out at this mean pressure.
For the ambient pressure MPR4 experiments described in the
previous section, the only way that the pressure could change
during flow was for the pressure in the upstream chamber to
increase. In the case of the pre pressurised MPR2 experiments,
the situation is different because with the onset of flow, both the
upstream and downstream pressure can change.

Fig. 4 shows an experimental example of the way in
which both the upstream and downstream absolute pressure
changes. With the onset of piston movement it can be seen that
the upstream pressure increases and the downstream pressure
decreases. The system approaches a near steady-state where the
pressure difference (not shown) is a constant but both upstream
and downstream pressures are slowly increasing. On flow ces-
sation, both pressures relax towards the no flow value.

A compressible Rolie Poly simulation is also shown in Fig. 4
and the match between experimental data and simulation is in
r
t
m
s

6

p
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tion and a viscoelastic “Rolie Poly” constitutive equation has
been tested. In addition, the effect of compressibility has been
explored both in relation to birefringence and pressure evolution.

The LLDPE pressure build up, steady flow and stress relax-
ation reported in this paper provided a useful dataset for detailed
simulation matching and in general the compressible flow, vis-
coelastic Rolie Poly numerical simulation was found to match
the data. The results show that both pressure and flowbirengence
data can be matched with simulation for the same experimental
situation. Compressibility has been included within the simula-
tion and for the situation studied here, compressibility was found
to have a mild, but quantitative effect that improves the match-
ing of data. The simulation has also been able to predict the
absolute pressure behaviour of pressure within both the barrels
of the MPR and this assists the understanding of the way this
rheometer operates. This paper has considered only a limited set
of conditions for one particular polymer and it can be expected
that other polymers with broader viscoelastic relaxation spectra
will show stronger effects for viscoelasticity. Equally flow situ-
ations where pressure are higher and volumes greater will show
enhanced compressibility effects.
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