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Synopsis

This paper develops a model for fast filament stretching, thinning, and break-up for Newtonian and non-

Newtonian fluids, and the results are compared against experimental data where fast filament relaxation

occurs. A 1D approximation was coupled with the arbitrary Lagrangian Eulerian (ALE) formulation to

perform simulations that captured both filament thinning and break-up. The modeling accounts for both

the initial polymer stretching processes from the precise movement of the two moving pistons and also

the subsequent thinning when the pistons are at rest. The simulations were first validated for a low vis-

cosity Newtonian fluid matched to experimental data obtained from a recently developed apparatus, the

Cambridge Trimaster. A non-Newtonian polymer fluid, with high frequency linear viscoelastic behavior

characterized using a piezoaxial vibrator rheometer, was modeled using both an Oldroyd-B and FENE-

CR single-mode constitutive models. The simulations of the filament deformation were compared with

experiment. The simulations showed a generally reasonable agreement with both the stretch and subse-

quent relaxation experimental responses, although the mono mode models used in this paper were

unable to capture all of the details for the experimental time evolution relaxation profile of the central

filament diameter. VC 2012 The Society of Rheology. [DOI: 10.1122/1.3669647]

I. INTRODUCTION

There are a number of situations where low viscosity fluids are stretched, form fila-

ments and then break-up [Clasen et al. (2006b); Bhat et al. (2010)] and understanding
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both the Newtonian and non-Newtonian fluid filament stretching and subsequent break-

up into drops is of importance for optimizing processes such as ink jet printing, surface

coating, or biological assays [Kuroiwa et al. (2003)]. In the past, fluid filament stretching

studies have generally been restricted to mainly high viscosity fluids with the emphasis

more on filament thinning behavior rather than break-up [see, for example, Matta and

Tytus (1990); Yao and McKinley (1998); Orr and Sridhar (1996); Bach et al. (2002);

McKinley and Sridhar (2002); Nielsen et al. (2006); Ma et al. (2008)]. Currently there is

a very little literature describing the full stretching, thinning, and break-up situation for

low viscosity dilute non-Newtonian fluids where the processes take place on the millisec-

onds time scale [Vadillo et al. (2010a)]. Short time thinning and break-up behavior are of

particular relevance to ink jet processing where base viscosities are normally below 20 m

Pas, and timescales are very short [Dong et al. (2006); Hoath et al. (2009)]. A review by

McKinley and Sridhar (2002) covering both experimental and numerical aspects of fila-

ment thinning is particularly helpful in relation to previous work and physical insight.

However, it should be noted that most previous works on viscoelastic fluids involve fluids

with a high base velocity and relatively long relaxation times of say greater than 100 ms.

This paper is concerned with lower base viscosities and associated shorter relaxation

times of less than 10 ms.

It has been shown that 1D models have some potential to model accurately filament

thinning for Newtonian as well as for polymeric fluids [Yildirim and Basaran (2001);

Clasen et al. (2006b); Bhat et al. (2010)] but up till now the modeling results have

seldom been compared with experimental stretching and thinning transient data for low

viscosity fluids. Analytical and numerical works have mostly been devoted to following

the time evolution of liquid bridge shapes, focusing on thread thinning, and early and late

time asymptotics [Yildirim and Basaran (2001); Fontelos and Li (2004); Clasen et al.
(2006a)]. Apart from [Clasen et al. (2006a)], these approaches do not offer direct com-

parison with experiments because of the absence of transients attached to the stretching

process, i.e., the piston displacement history. However, [Wagner et al. (2005)] reported

simulations where the detachment of a polymeric pendant drop has been used to analyze

the dripping faucet phenomenon for non-Newtonian fluids. The comparisons between nu-

merical and experimental results were quite good, although some properties such as the

extensibility and the relaxation time had to be adjusted to fit the experimental results.

Matallah et al. (2007) and Webster et al. (2008) have considered stretching transients in

their work based on 2D axisymmetric models but do not have experimental comparisons

to support their modeling. More recently, Castrejon-Pita et al. (2011) have reported

achieving quantitative and qualitative agreements between experiment and 2D simula-

tion, based on the Lagrangian—finite element method (FEM), of a driven (modulated or

unmodulated) pressure liquid jet. It has been shown that the 1D approach can handle

quite accurately 2D flow in some well defined cases: see, for example, the pioneering

work by Eggers and Dupont (1994) and Eggers (1997). A direct comparison between 1D

and 2D models may be found in the work of Yildirim and Basaran (2001) and more

recently by Furlani and Hanchak (2011) and Hanchak (2009) where it has been demon-

strated that the 1D model may capture the main features of drop formation although with-

out no overturning reported. Finally, it is important to cite the work of Bhat et al. (2010)

who explore the De–Oh region using a 1D model for identifying the region exhibiting the

bead on structure formation where De and Oh are, respectively, the Deborah and Ohne-

sorge numbers. Bhat et al. (2010) use a one-dimensional analysis to cover a wide range

of De and Oh values expeditiously and with quantitative accuracy similar to 2D models.

In view of the literature using one-dimensional analysis, a main objective of the pres-

ent paper is to develop a model based on this analysis for use in extensional dominated
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flows such as those occurring in fluid stretching and compare the quality of the predic-

tions with experimental data. The modeling incorporates both the initial high velocity

stretching process of the pistons together with the subsequent filament thinning after

stretch. These boundary conditions are particularly relevant to ink jet printing where a

similar stretch and relaxation process occur when a drop exits the ink jet nozzle [Vadillo

et al. (2010a); Morrison and Harlen (2010)]. An advantage of 1D modeling when com-

pared with 2D modeling is a decrease in computing time of at least 2 orders of magnitude

and this enables the lubrication model to effectively explore effects such as operating

conditions and fluids properties [Hoeve et al. (2010)]. This benefit has also been put for-

ward in other papers, [Ambravaneswaran et al. (2002)], [Bhat et al. (2010); Yildirim and

Basaran (2001)]. In this paper, fluids were fully characterized using a high frequency rhe-

ometer [piezoaxial vibrator (PAV)] [Groß et al. (2002); Crassous et al. (2005); Kirschen-

mann (2003)] to obtain linear viscoelastic data of the fluids under test, and a specially

designed filament stretching apparatus (Cambridge Trimaster MkII) was used to achieve

controlled stretching [Vadillo et al. (2010a)]. On the numerical side, one-dimensional

equations, taking full account of inertia, for both Newtonian and non-Newtonian models

(Oldroyd-B, FENE-CR) were coupled with the arbitrary Lagrangian Eulerian (ALE)

technique to describe carefully the movement of pistons of the filament stretching appara-

tus and the evolution of the filament boundary surface. The time dependence of piston

displacement is of importance, especially for low viscosity fluids where filament stretch-

ing process must be achieved before inertia-capillary break-up occurs. This may require

filament stretching rates as high as e
�
> 100s�1. The full description of the motion of the

pistons also accounted for the acceleration and deceleration phases of the pistons, which

are also of importance in defining the moving boundary conditions. The numerical results

were compared with experimental data reported previously using the “Cambridge MkII

Trimaster” filament stretcher [Vadillo et al. (2010a)].

The outline of the paper is as follows: in Sec. II, the mathematical formulation is

detailed and the 1D constitutive equations derived. In addition, the fluids and the experi-

mental apparatus are presented. The comparison of the model for fluid filament stretching

and thinning is discussed in Sec. III together with results obtained on a Newtonian fluid

as a first and necessary step. Section IV, summarizes the nonlinear Oldroyd-B and

FENE-CR models and numerical simulations for the stretching and thinning of

non-Newtonian fluids. Finally, conclusions are drawn in Sec. V.

II. PROBLEM FORMULATION

A. 1D model governing equations

The extensional flow of a liquid placed between two parallel coaxial moving pistons is

considered (Fig. 1). Some details on the experimental procedures are given below but

more details can be found in Vadillo et al. (2010a). The fluid is assumed to be either an

incompressible Newtonian or non-Newtonian liquid. The kinematic viscosity of the

solvent is vs and the surface tension is r, the fluid is rendered non-Newtonian through

addition of small quantities of polymer into the solvent.

One way to deal with the Newtonian problem is to solve the full Navier–Stokes equa-

tion associated with robust schemes to track the interface deformation and break-up.

Alternatively, a relevant one-dimensional approximation can be used that contains the

main physics of the problem [Yildirim and Basaran (2001); Clasen et al. (2006a)]. The

1D equations of the problem have been described by Eggers and Dupont (1994), by

expanding unknowns in a Taylor series in the radial coordinate for Newtonian fluids. The
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Navier–Stokes equations for an axisymmetric filament of velocity field ~v � ðvr; vh; vzÞ
and pressure p are expressed as

Mass conservation

@rvr þ @zvz þ vr=r ¼ 0: (1)

Momentum conservation

@tvr þ vr@rvr þ vz@zvr ¼ �@rpþ �s @
2
r vr þ @2

z vr þ @rvr=r � vr=r2
� �

; (2)

@tvz þ vr@rvz þ vz@zvz ¼ �@zpþ �s @
2
r vz þ @2

z vz þ @rvz=r � vz=r2
� �

; (3)

where @t, @r, @z denote for the partial derivation with respect to t, r, and z, respectively.

The pressure and velocity field expansions in a power series in the radial direction r
results in

pðr; z; tÞ ¼ p0ðz; tÞ þ p2ðz; tÞr2 þ � � � ; (4)

vzðr; z; tÞ ¼ v0ðz; tÞ þ v2ðz; tÞr2 þ � � � ; (5)

Substituting Eq. (5) into Eq. (1), leads to

vrðr; z; tÞ ¼ �v00ðz; tÞ
r

2
� v02ðz; tÞ

r3

4
þ � � � : (6)

To close the problem, the following boundary conditions are used:

Kinematic boundary conditions

for the radius hðz; tÞ of the jet

dh

dt
¼ @h

@t
þ vz

@h

@z
¼ vrðr ¼ h; tÞ: (7)

Dynamic boundary conditions

FIG. 1. Schematic of filament stretching and the coordinate system.
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The dynamics boundary conditions at the liquid/air interface can be expressed through

the normal and tangential stresses as detailed below.

• normal stress

The normal stress at the free surface is balanced by the curvature force associated with

the surface tension

~n:T:~n ¼ rð ~r:~nÞ; (8)

where ~n is the unit normal to the surface and the stress tensor

T ¼ �pIþ gs½ ~r~vþ ð ~r~vÞT �.
• tangential stress

The tangential stress at the free surface must balance the local surface tension gradient

~n:T:~t ¼ ð ~rrÞ:~t ¼ 0; (9)

assuming a constant surface tension r and~t being the unit tangent to the interface.

Finally, no-slip conditions are imposed at the piston surfaces

hðz ¼ �L=2; tÞ ¼ hðz ¼ L=2; tÞ ¼ D0=2; (10)

vðz ¼ �L=2; tÞ ¼ �Vp; vðz ¼ L=2; tÞ ¼ Vp; (11)

where D0 and Vp are the piston diameter and velocity, respectively.

Replacing the radial expansions (4)–(6) into Eqs. (1) and (2) and taking the lower order

results in r lead to the nonlinear one-dimensional equations describing the filament dynamics

@thþ vh0 þ v0h=2 ¼ 0; (12)

and

@tvþ vv0 ¼ �rj0

q
þ 3�s

ðv0h2Þ0

h2
; (13)

where prime ð0Þ denotes the derivative with respect to z coordinates.

To avoid instability in the solution and have the complete ability to represent a

rounded drop, the full expression of the curvature given in Eq. (14) is taken. This is not

asymptotically correct as shown in Papageorgiou (1995), but this choice has been justi-

fied and used by many authors [Yildirim and Basaran (2001); Fontelos and Li (2004);

Clasen et al. (2006a); Bhat et al. (2010)]. The radial expansion requires replacing the

mean curvature by the leading-order expression 1/h alone, but the applicability of the

equations is improved by accounting for the full curvature, since the equations retrieve a

spherical drop among its equilibrium solutions

j ¼ 1

hð1þ h02Þ1=2
� h00

ð1þ h02Þ3=2
: (14)

Eqs. (12) and (13) have been shown to give a good approximation to the full

Navier–Stokes solution [Eggers and Dupont (1994)].
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The contribution of a non-Newtonian polymer leads to an extra-stress tensor

(rzz � rrr), and the momentum conservation equations becomes in dimensionless form

@tvþ vv0 ¼ �j0 þ 3~�s
ðv0h2Þ0

h2
þ 1

h2
h2ðrzz � rrrÞ
� �0

; (15)

using s as the characteristic inertio-capillary time scale of the system defined by

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
qx3

0=r
q

, and x0 as a unit of length, ~vs ¼ vss=x2
0.

The extra-stress depends on the non-Newtonian model chosen and the resulting equa-

tions will be detailed later.

According to the findings of Yao and McKinley (1998) stress boundary layers are usu-

ally present in the case of low initial aspect ratio experiments. In our work, the fluid is

lowly viscoelastic, and the initial aspect ratio is L0/R0¼ 1. Following [Clasen et al.
(2006a)], we may disregard the radial variation in the axial polymeric stress, which,

however, may be introduced easily in the 1D formulation [Kolte and Szabo (1999)].

B. Numerical modeling

The governing equations were solved using COMSOL, a commercial FEM code. The

ALE technique was used to handle the dynamics of the boundaries with a moving grid

where the new mesh coordinates are computed based on the motion of the boundaries of

the structure. The governing equations are solved using these moving coordinates. The

model, as presented here, has the additional advantage of not needing any unphysical arti-

ficial viscosity just for the purpose of pinning the fluid at the piston as required in Clasen

et al. (2006a).

C. Experimental setup

The experimental setup, described in Vadillo et al. (2010a), is a fast filament stretch-

ing and thinning, extensional rheometer, the so-called “Cambridge Trimaster.” This ap-

paratus performs filament stretching at a near constant velocity for a fluid initially placed

between two pistons of initial diameter D0 of 1.2 mm. Both pistons are attached on the

opposite sides of a belt and move symmetrically apart for a given distance allowing the

midfilament to remain in a central position during the experiment (Fig. 1).

The pistons can move from a distance of 10 lm to 10 cm at a maximum relative veloc-

ity of 1 m/s. When the pistons stop, the filament self-thins under the action of the capil-

lary and viscous forces. The pistons size is selected to obtain small Bond numbers

(Bo ¼ qgD2
0=4r ¼ 0:1, where q, r, g, are the fluid density, surface tension, and gravita-

tional constant, respectively), so that gravitational effects were negligible in comparison

to capillary forces. A high speed camera (Photron Fastcam 1024 PCI) is coupled with the

Cambridge Trimaster, allowing transient profiles to be recorded at a frame rate as fast as

100 000 frames per second at a reduced resolution of 32� 32 pixels and with a shutter

time as low as 3 ls. The pixel size is close to 5.5 lm, and the illumination used was a

continuous light guided by fibre optics. The high speed pictures are recorded at 6000 fps,

for a picture size of 128� 256 pixels with a shutter time of 3 ls. The filament thinning

measurement, as well as the filament break-up behavior, is obtained using automatic image

processing specifically developed for, and included within, the Cambridge Trimaster software

package. This apparatus enabled the measurement of the transient elongational viscosity

using the midfilament evolution as well as the observation of fluid filament profiles. The

experimental filament stretching conditions used in this paper, unless stated otherwise, are an

164 TEMBELYet al.
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initial gap size L0 of 0.6 mm and a relative piston speed Vp of 150 mm/s corresponding to a

filament strain rate Vp/L0¼ 250 s�1. The stretching distance may be modified, and displace-

ments of 0.8 mm and 1.6 mm are investigated in the present work.

The PAV is a dynamic squeeze flow rheometer used to characterize linear viscoelas-

ticity (LVE) of soft matter fluids such as low viscosity polymeric solutions. This appara-

tus that has been detailed in Groß et al. (2002), Kirschenmann (2003), Crassous et al.
(2005), and Vadillo et al. (2010b) and is capable of probing fluids with viscosity as low

as 1 mPa s over a range of frequencies between 0.1 Hz and 10 000 Hz. The PAV meas-

ures the complex modulus G* of the test fluid with G*¼G0 þ iG00 and where G0 is the

storage modulus and G00 is the loss modulus. The complex viscosity g* is related to

the complex modulus by g*¼G*/x, where x is the angular frequency. The viscosities of

the two different fluids are determined from PAV low frequency complex viscosity data.

Diethyl phthalate (DEP) was chosen as the Newtonian fluid, and the second fluid was

a non-Newtonian mixture of monodisperse polystyrene 110 000 kg/kmol (PS110)

dissolved at 2.5 wt. % in DEP. The critical polymer overlap concentration c* was deter-

mined using c*¼ 0.77/[g], where [g] is intrinsic viscosity [Graessley (1980)]. Using the

Mark–Houwink–Sakurada equation [g]¼K[g]M
c, where K[g]¼ 8.1� 10�3 and c¼ 0.704,

a c* of 2.40% is obtained for 110 000 g/mol polystyrene for DEP-PS solution [Clasen

et al. (2006b)]. Finally, fluid surface tension was measured using a “Wilhelmy plate”

method and a “SITA, proline t15” bubble pressure tensiometer, and a typical value of

37 mN/m was obtained for both the pure DEP and the mixture of 2.5 wt. % PS110 in

DEP. Fluids physical properties are summarized in Table I.

III. NEWTONIAN LIQUID FILAMENT STRETCHING AND THINNING

In order to achieve a realistic match between simulation and experimental results it

was necessary to accurately introduce the initial piston movement boundary conditions.

Acceleration and deceleration times to reach the setup velocity as well as subsequent

damping oscillations, may usually be neglected for the case of high viscosity or highly

viscoelastic fluids, as the stretching time dt0 is a very short duration ftypically �50 ms

[Rodd et al. (2005)]g compared to thinning and break-up times (>100 ms) [see, for

example, Liang and Mackley (1994); Anna and McKinley (2001); Rodd et al. (2005)].

However, in the case of filament stretching and thinning of low viscosity and/or low

viscoelastic fluids, such as the ones described in this paper, to ensure that the piston

stop before the capillary break-up, dt0 should be shorter than the inertio-capillary time

ti fti ¼ 1:95
ffiffiffiffiffiffiffiffiffiffiffiffiffi
qR3

0=r
q

¼ 1:95s [Rodd et al. (2005)]g. This time has been estimated at

5 ms in the case of DEP indicating that a filament stretch strain rate of 200 s�1 is required.

In such cases, the initial piston movement must be taken into account in the simulation.

Using high speed camera data, the experimental displacement of Trimaster pistons with

time was recorded and is shown in Fig. 2 where the acceleration phase between 2.4 and 4

ms, the constant velocity phase between 4 and 6.4 ms (corresponding to a linear evolution

of the piston position) and the deceleration phase between 6.4 and 8 ms, can be observed.

A mathematical function of the form DpðtÞ ¼ a tanh½bðt� cÞ� þ d, with a¼ 245 lm,

TABLE I. Physical properties of the fluids, viscosity came from PAV low frequency complex viscosity data.

Fluids Surface tension (r) (mN m�1) Viscosity ( g0) (mPa s) Density (q) (kg m�3)

DEP 37 14 1120

DEPþ 2.5%PS 37 32 1120
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b¼ 0.6 ms�1, c¼ 5.4 ms, and d¼ 510 lm, was used to fit the displacement of the pistons

and a best fit is also shown in Fig. 2. The instantaneous velocity of the pistons,

VpðtÞ ¼ ab=cosh2½bðt� cÞ�, that corresponds to the derivative of Dp(t) can subsequently

be used in the numerical simulation as boundary conditions for the displacement of the

piston.

A. Midfilament evolution

In filament stretching and filament thinning experiments, the midfilament evolution

Dmid(t) is often used to describe the fluid behavior [see, for example, Liang and Mackley

(1994); Anna and McKinley (2001); Rodd et al. (2005)]. To further emphasise the impor-

tance of correctly accounting for the “real” motion of the pistons for the simulation of

fast breaking fluids, two simulations using a constant piston speed of Vp¼ 75 mm/s and

Vp¼ 150 mm/s, as well as Vp(t) obtained from derivative of the best fit of Dp(t), have

been tested, and the results are shown in Fig. 3. Comparison of the simulation shows sev-

eral significant differences. At the early stage of the stretching process, the experimental

piston velocity boundary conditions Vp(t) lead to a slower thinning of the midfilament.

When the pistons have reached a stable velocity, the midfilament is found to thin in a

manner which is apparently linear for all three boundaries’ conditions. However, due to

an average experimental velocity higher than Vp¼ 75 mm/s, simulation results obtained

with Vp(t) cross over with the one obtained with Vp¼ 75 mm/s. Subsequently, the simu-

lated midfilament was found to be thinner for Vp¼ 150 mm/s and thicker for Vp¼ 75

mm/s when the pistons stop. In the filament, visco-capillary thinning part, Dmid(t)
decreases as documented in the literature for Newtonian fluids [Bazilevsky et al. (1990);

Liang and Mackley (1994); Entov and Hinch (1997); Kolte and Szabo (1999); Vadillo et
al. (2010a)]. The break-up time was found to be the shortest for Vp¼ 150 mm/s, the lon-

gest for Vp¼ 75 mm/s and to perfectly match the experimental break-up for Vp(t)
(Fig. 4). It can also be noticed than using Vp¼ 150 mm/s leads to a break-up time that is

comparable with ti and the stretching time. Nevertheless, despite the clear differences

visible in the midfilament evolution, no significant effect of the boundary conditions is

observed on the break-up transient profile.

The results of simulations of the evolution of the midfilament, using the best fit of the

experimental dynamic of the pistons as boundary conditions, are compared with the

experimental data (Fig. 4) in the case of the Newtonian DEP and excellent agreement

was obtained throughout the entire stretching and thinning process. Both the visco-

capillary thinning of Dmid as well as the break-up time were correctly predicted. The

FIG. 2. Comparison between (h) experimental and (—) the model fit given in Sec. III of the piston motion as a

function of time.
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dominant mechanism is the piston motion and when it stops all forces (viscosity, capillar-

ity, and inertia) take over until break-up. Instead of Dmid, the midfilament diameter

preferentially used in rheology, [McKinley and Sridhar (2002), one may check the autosi-

milar solution by focusing on Dmin. For that purpose, as detailed in Eggers (1997), an

autosimilar behavior may be recovered by using the following intrinsic length lv¼ �2
sq/r

FIG. 3. (a) Plot of the piston velocity evolution (---) 75 mm/s, (x--x) 150 mm/s, (—) best fit of the experimental

piston velocity Vp(t) and (b) the corresponding numerical midfilament evolution for Newtonian DEP using the

three piston velocity boundary conditions; (– � –) 150 mm/s, (---) 75 mm/s, and (—) best fit of the experimental

piston velocity Vp(t). (---) Corresponds to piston cessation of motion.

FIG. 4. Plot of midfilament diameter as a function of time. (—) Numerical midfilament evolution compared to

(^) experimental measurement for Newtonian DEP, (---) corresponds to piston cessation of motion (aspect ratio

2.3). Initial gap size: 0.6 mm, final gap size: 1.4 mm, pistons relative velocity: 150 mm/s.
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and timescales tv¼ �3
sq

2/r2. Under these conditions, viscous capillarity-driven pinch-off

is described by Dmin(t) 	 0.14(tb� t), whereas if inertia is important, the corresponding

law is Dmin(t) 	 0.06(tb� t), where tb is the dimensionless breakup-time and t is the

actual dimensionless time. Our simulations show that for Oh¼ (lv/R0)1/2¼ 0.08, the mini-

mum neck diameter Dmin is comprised between a viscous-capillary regime and an

inertio-capillary one (Fig. 5). We have also plotted the experimental points, which are in

good agreement with the simulations. One may note that the evolution of Dmid, near

breakup (fluid build up) is in sharp contrast with the behavior of Dmin (necking at ends).

The current 1D model may be extended to deal with the case when the filament breaks up

as shown in Eggers (1997) or even to model subsequent coalescence of two fluid volumes

[Furlani and Hanchak (2011)]. However, overturning which occurs for low viscosity flu-

ids cannot be represented.

Such possibilities of the 1D model have not been attempted in this work, and we limit

the calculations to break-up which is said to have occurred when the dimensionless

minimum filament radius hmin/R0 drops below 10�4 corresponding, in other words, to

hmin< 0.06 lm. In the following, the operating conditions derived from the experimental

piston motion will systematically be used.

B. Transient profiles

A comparison between the experimental and the predicted transient profiles is shown in

Figs. 6 and 7 for the Newtonian DEP fluid. The simulated transient profiles and the experi-

mentally captured ones are in good agreement and in particular, the prediction of the top and

bottom pinch off which eventually leads to the formation of a central droplet is accurately

simulated. This demonstrates that the 1D model, also called “slender filament approx-

imation,” remains valid even for an aspect ratio close to 1, highlighting the approximations

effectiveness. The average computational time for 1D simulation is shorter than 5 min, what-

ever the type of fluid considered, using a Pentium Dual Core laptop computer with 4 GB

RAM. This computational time is significantly shorter than for a full 2D simulation.

It was observed that the top and bottom pinch off behavior observed for the low vis-

cosity fluids reported in this paper are different to the cases for higher viscosity Newto-

nian fluids reported in Liang and Mackley (1994) where the central filament decayed

without end pinching. The transition between top and bottom pinch off and “central”

FIG. 5. Behavior of minimum and midfilament diameter close to break-up. The slope of the linear best fit for

Dmin calculated numerically is a¼ 0.0879 with a coefficient of determination R2¼ 0.9978.
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filament break-up corresponds to the transition between inertio-capillary break-up, where

the filament thins as an inviscid liquid, and viscous break-up. Such behavior may also be

observed for the dilute polymer case to be detailed in Sec. IV despite the stabilization of

the filament induced by the presence of the polymer.

IV. NON-NEWTONIAN LIQUID FILAMENT STRETCHING AND THINNING

A. Single-mode modeling

In this section, the modeling of the behavior of the polymer solution (DEPþ 2.5%

PS110) is considered, assuming the fluid to be an incompressible viscoelastic fluid modeled

by a single-mode Oldroyd-B or FENE-CR model. This approach was motivated by the fact

that it has been established that, in the filament stretching experiment, the dynamics of the

elasto-capillary thinning was controlled by the longest relaxation time [Entov and Hinch

(1997); Anna and McKinley (2001)]. Moreover, it has been demonstrated that high frequency

linear viscoelastic measurements of solution DEPþ 2.5 wt. % of PS110 behaved as a single-

mode Maxwell fluid with G00 and G0 increasing with a slope of one and two with frequency,

respectively [Vadillo et al. (2010b)]. Although it is not clear at this point which route is the

most appropriate, a single-mode description was tested to evaluate its performance.

In order to establish the non-Newtonian 1D model description, the previous

Eqs. (10)–(12), and (15) are completed by the addition of extra-stresses rzz � rrr due to

the polymer. The two different non-Newtonian constitutive equations are as follows:

• Oldroyd-B

For this model the extra-stresses satisfy

@rzz

@t
þ v

@rzz

@z
þ 1

De
� 2

@v

@z

� �
rzz ¼ 2

~�p

De

@v

@z
; (16)

@rrr

@t
þ v

@rrr

@z
þ 1

De
þ @v

@z

� �
rrr ¼ �

~�p

De

@v

@z
; (17)

where De ¼ k=s is the Deborah number, with k the relaxation time of the polymer.

~vp ¼ vps=x2
0 and vp represents the contribution of the polymer to the viscosity [Clasen

et al. (2006a)].

• FENE-CR

In this approach, the polymer contribution is described by a finitely extensible nonlin-

ear elastic (FENE) dumbbell model which makes use of the conformation tensor A, and

the stress tensor reads [Chilcott and Rallison (1988)]

FIG. 6. Comparison between (right) numerical profiles and (left) the corresponding experimental profiles at

different specified times in the case of DEP. Initial gap size: 0.6 mm, final gap size: 1.4 mm, pistons relative

velocity: 150 mm/s. Times are, from left to right, 5.3 ms, 5.8 ms, 6.7 ms, 7 ms, 7.2 ms, and 7.7 ms.
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r ¼ Gf ðRÞðA� IÞ; (18)

where G is the elastic modulus, f ðRÞ is the finite extensibility factor related to the

finite extensibility parameter L, representing the ratio of a fully extended polymer

(dumbbell) to its equilibrium length. L can be described in terms of molecular

parameters as

FIG. 7. (a) Numerical simulation of transient profiles of filament break-up in the case of DEP (Newtonian) at

different specified times. (—) 0 ms, (– � –) 5.3 ms, (—) 5.8 ms, (…) 6.3 ms, and (—) 6.7 ms. (b) 3D representa-

tion of the filament at the point of break-up. Initial gap size: 0.6 mm, final gap size: 1.4 mm, pistons relative ve-

locity: 150 mm/s.
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L ¼
ffiffiffi
3
p j sin h=2

	 
2

Mw

C1Mu

2
64

3
75

1��

; (19)

where h is C-C bond angle, j is the number of bonds of a monomer of molar mass Mu,

C1 is the characteristic ratio for a given polymer, Mw is the molecular weight of the

polymer and � is the excluded volume exponent [Clasen et al. (2006b)]. For the

one-dimensional model in dimensionless form, it leads to

R ¼ trðAÞ ¼ Azz þ 2Arr; (20)

rzz ¼ ~Gf ðRÞðAzz � 1Þ; rrr ¼ ~Gf ðRÞðArr � 1Þ; (21)

where ~G ¼ ~�p=De.

f ðRÞ ¼ 1

1� R=L2
: (22)

The evolution equations for the conformation tensor A may be written as follows:

@Arr

@t
þ v

@Arr

@z
þ f ðRÞ

De
þ @v

@z

� �
Arr ¼

f ðRÞ
De

; (23)

@Azz

@t
þ v

@Azz

@z
þ f ðRÞ

De
� 2

@v

@z

� �
Azz ¼

f ðRÞ
De

: (24)

The constitutive equations require values for the fluid relaxation time k, shear modulus g

and polymer extensibility L as input parameters. The problem reduces to the determina-

tion of k and g, after taking into account that the complex viscosity of the polymer fluid

g* and solvent viscosity (DEP) gs are obtained from the PAV low frequency measure-

ments (Table I). The fluid complex viscosity can be expressed, in a mono mode configu-

ration, by

g
j j¼gs þ k:g: (25)

From this point in the paper, two different routes were followed to determine the rheolog-

ical parameters. The first route consisted of using the experimental PAV linear visco-

elastic data and best fitting to a mono mode Maxwell behavior. The elastic and viscous

modulus expressed in the mono mode approach can be expressed as

G0ðxÞ ¼
XNmodes

i¼1

gi kixð Þ2

1þ ðkixÞ2

 !
�i¼1 g:ðx:kÞ2

1þ ðx:kÞ2
;

G
00 ðxÞ ¼ gsx þ

XNmodes

i¼1

gi kix

1þ ðkixÞ2

 !
�i¼1

gs:xþ
k:g:x

1þ ðx:kÞ2
;

(26)

where x is the frequency in rad/s and g
j j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
G02þG002
p

x . It should be noted here that the

loss modulus description chosen includes both the solvent and polymer viscous
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contribution. Rheological parameters are embedded in the experimentally determined

coefficient and, a single-mode description only allows a unique couple (k,g) that satisfies

the equations. Best fit of single-mode Maxwell model was obtained with k¼ 8 ls and

g¼ 2469.3 Pa [Fig. 8(a)]. It was noticed that the relaxation time obtained from the exper-

imental PAV data is of the same order of magnitude as the longest Zimm relaxation time.

This model is the one preferentially used in the literature to fit LVE data although the

solution characterized is often far from their dilute regime [see, for example, Anna and

McKinley (2001); Clasen et al. (2006b)]. The longest “Zimm relaxation time” kz can be

expressed as follows [Clasen et al. (2006b)]:

kz ¼
1

Ugk

½g�gsMw

RT
; (27)

where Ugk is the universal ratio of a characteristic relaxation time kn of a dilute polymer

system and estimated around 1.8 for a good solvent, [g] is the intrinsic viscosity obtained

from LVE data, gs is the solvent viscosity, R¼ 8.314 J/mol K is the universal gas con-

stant, T is the absolute temperature in K. In the present case, kz of order of 16.6 ls has

been estimated.

A second set of Maxwell parameters was derived from experimental filament thinning

data. It has been previously reported that fluid relaxation can be significantly larger in

extensional deformations when compared to simple shear flow [Clasen et al. (2006b)].

Experimentally, the elastic nature of the fluid is described, during thinning of the midfila-

ment diameter, following an exponential law of the form [McKinley and Sridhar (2002);

Tuladhar and Mackley (2008)]:

DmidðtÞ � exp � t

3:k

	 

: (28)

In the case of DEPþ 2.5 wt. % of PS110, the fit of the Cambridge Trimaster experimen-

tal exponential filament decay of the midfilament leads to a longest extensional relaxation

time kext� 1.19 ms, or De¼ kext/s� 0.47 where s ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
qR3

0
�
r

q
. This extensional relaxation

time is significantly larger than the relaxation time extracted from LVE data which is a

result consistent with previously published finding reported by Clasen et al. (2006b). The

shear modulus g for the Maxwell model was obtained from knowing the complex modu-

lus of the fluid and solvent and again using Eq. (25) [Fig. 8(b)].

Figure 8(c) shows a comparison plot of PAV complex viscosity as a function of fre-

quency for the experimental fluid tested and the two Maxwell models tested. In both

model cases, the low frequency match is good; however, the long time filament thinning

relaxation time starts to shear thin at a lower frequency than the PAV short relaxation

time data. The high frequency plateau of the filament thinning timescale is a consequence

of the Newtonian solvent contribution.

Two separate simulations, using (k, g) couples extracted from both (i) experimental

PAV, LVE, data and (ii) experimental extensional relaxation data have been used. The sim-

ulation parameters used were, namely, (i) klve� 8 ls (or De¼ 0.00145) and g¼ 2469.3 Pa

and (ii) kext� 1.19 ms (De� 0.47), g¼ 15 Pa, respectively, and the results are presented in

Sec. IV B.

The additional input parameter to be used in FENE-CR model is the finite extensibility

parameter L that has been estimated using Eq. (19). For polystyrene, h¼ 109.5�, j¼ 2,

Mu¼ g/mol, Mw¼ 110 000 g/mol, C1¼ 9.6, and �¼ 0.57 have been taken corresponding
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FIG. 8. Plots of (^) storage G0, (h) loss modulus G00 and (D) complex viscosity measured in small amplitude

oscillatory shear experiments for the DEPþ 2.5% PS and comparison with the single-mode Maxwell description

where the model parameters are derived from two different origins. (a) best fit of experimental PAV data of G0

and G00, k¼ 8 ls and g¼ 2469 Pa; (b) best fitting of g* with Maxwell model based on experimentally

determined filament thinning data, kext¼ 1.19 ms, g¼ 15 Pa. using the experimental filament thinning

relaxation time; (c) plot of the experimental complex viscosity g* compared with Maxwell model parameters

derived in (—) a and (---) b.
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to L� 15. The value of the Ohnesorge number Oh ¼ g0=
ffiffiffiffiffiffiffiffiffiffiffi
qR0r
p

(�0.2029) justifies

accounting for the inertia in the simulation. This is in sharp contrast to some recent work

[Olagunju (2011)] where inertia is not considered. Other important characteristics, such

as the dimensionless transient extensional viscosity gext/g0 (Trouton ratio)

Tr ¼ 3gsvz þ rzz � rrr

g0 _emid
; (29)

where the deformation rate _emid ¼ � 2=DmidðtÞ½ � dDmidðtÞ=dt½ � or the associated Hencky

strain accumulated at the midfilament given by e ¼ 2 lnðD0=DmidðtÞÞ may also be com-

puted quite easily. It is understood that it is Trouton ratio based on the extension rate.

B. Midfilament evolution

Filament stretching simulations of the non-Newtonian polymer solution (DEPþ 2.5

wt. % PS110), for a stretching distance of 0.8 mm (or aspect ratio Lf/R0¼ 2.3), using

both kext and klve in Oldroyd-B and FENE-CR constitutive equations have been per-

formed and the midfilament evolution results are compared against experimental meas-

urements (Fig. 9). Experimentally, the midfilament initially thins with time between the

piston cessation of motion and �8.5 ms indicating a viscous driven thinning mechanism

[Bazilevsky et al. (1990); Liang and Mackley (1994); Entov and Hinch (1997); Kolte and

Szabo (1999); McKinley (2005)]. At �8.5 ms, a sudden change occurs with the midfila-

ment following an exponential decay characteristic of an elasto-capillary driven thinning

mechanism [Bazilevsky et al. (1990); Renardy (1994); Renardy (1995); Brenner (1996),

Bazilevsky et al. (1997); Eggers (1997)].

The simulation performed with the short relaxation time klve (�8 ls) is presented in

Figs. 9(a) and 9(c) for the Oldroyd-B and FENE-CR models, respectively, and both show

a relatively good agreement with experiments in the initial decreasing zone of midfila-

ment diameter, regardless of the constitutive model used [Figs. 9(a) and 9(c)]. However,

both of the 8 ls simulations do not capture the long time behavior of the filament decay

and show a thinning very similar to the Newtonian case. This result can be anticipated as

the very small value of k means that polymer addition mainly contributes to the viscous

dissipation as the corresponding Weissenberg number kz _e is of order of 0.015. This is far

too low compared to the critical value of Weissenberg number of 0.5 required to achieve

the coil-stretch transition for the polymer [Bazilevsky et al. (1990); Tuladhar and Mack-

ley (2008)]. This argument also indicates that a longer relaxation time of order of 1 ms is

necessary in order to induce polymer chain stretch and subsequently induce elastic thin-

ning effects as the filament thinning strain rate _e has been estimated at �500 s�1, when

the midfilament (Dmid� 200 lm) experimentally shifts from linear decay to exponential

decay.

Simulations with both Oldroyd-B and FENE-CR models using the filament thinning

relaxation time of 1.19 ms (De¼ 0.47) exhibited a closer match to the final observed ex-

perimental filament thinning and break-up behavior as shown in Fig. 9(b) for the

Oldroyd-B model and Fig. 9(d) for the FENE-CR model. There are few differences

between the Oldroyd-B and the FENE-CR at least regarding the mid-diameter evolution,

Dmid(t) as shown in Fig. 9. This is expected since the FENE-CR model is equivalent to

the Oldroyd-B one when L the extensibility is taken to be infinite. However, when one

compares the transient profiles some difference can be drawn as the formation of a small

bead in the FENE-CR model which is not present in the Oldroyd-B model, as shown in

Fig. 9. In contrast, the filament for the Oldroyd-B model lasts longer. The extensibility L
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FIG. 9. Comparison of (^) experimental midfilament data and (–) simulated midfilament diameters as a func-

tion of time. (a) Oldroyd-B, k¼ 8 ls, g¼ 2469 Pa, De¼ 0.00145; (b) Oldroyd-B, k¼ 1.19 ms, g¼ 15 Pa,

De¼ 0.47; (c) FENE-CR, k¼ 8 ls, g¼ 2469 Pa, De¼ 0.00145; (d) FENE-CR k¼ 1.19 ms, g¼ 15 Pa,

De¼ 0.47. (---) Represents piston cessation of motion.
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influences the onset of the inertio-viscoelastic balance as well as the filament thinning at

longer times, as found in separate simulations performed for a range of L values com-

prised between 2 and 1500. The infinite extensibility of the Oldroyd-B model did not pro-

duce the correct break-up time which was found to be much larger than the experimental

results and the FENE-CR results. This supports the choice of the FENE-CR model as a

more adequate constitutive equation to address quantitatively the fluid filament stretching

and thinning process compared to Oldroyd-B model. The FENE-CR will thus be used for

the remaining aspects of the paper.

Even with the FENE-CR model and the chosen filament thinning relaxation time of

1.19 ms, discrepancies were noted compared to the experimental results, particularly in

the time window between 6 and 10 ms. Just after the pistons stop, the numerically calcu-

lated filament diameter remained larger than the experimental one. It ought to be men-

tioned that this discrepancy is only observed for a stretching distance of 0.8 mm, as

shown in Fig. 9. It is very seldom that such short displacements have been considered in

the literature. It may be concluded at this point that an approach based on a single relaxa-

tion mode model may not be sufficient to describe properly the full process even for

dilute polymer solutions. The discrepancy in relaxation times which are measured,

respectively, in the linear and in nonlinear viscoelastic regime is still a matter of discus-

sion in the literature. This discrepancy that other authors have noticed [Wagner et al.
(2005); Tirtaatmadja et al. (2006)] may be attributed to the fluid response in the linear

regime when using the PAV device, whereas the thinning experiment enables access to

the highly nonlinear mode regime. To put it short, the difference between these two time

scales could be the manifestation of the multimode nature of the polymeric solution

[Ferry (1980)]. A multimode model may be needed to better represent the transition,

observed experimentally, from the initial viscous thinning behavior at short time and the

elasto-capillary thinning behavior at longer times. It is worth noting that in our approach,

the extensibility factor is chosen on physical grounds [see Eq. (19)], and the relaxation

times are determined from linear and nonlinear viscoelastic measurements. The fluids

which have been fully characterized in the linear viscoelastic region were modeled with a

single-mode viscoelastic constitutive equation. This represents a first step, while recog-

nizing that multimode modeling may be necessary, with different timescales in order to

deal with the stretching problem. This is in line with some of the conclusions of Wagner

et al. (2005).

In the case of filament stretching and thinning of the non-Newtonian fluid for a stretch-

ing distance of 1.6 mm (or aspect ratio Lf/R0¼ 3.6), a good agreement was also obtained

between simulation using FENE-CR model and experiment as shown in Fig. 10. In this

simulation, the best fit of the experimental piston motion was again used. This excellent

agreement between experiment and simulation for a larger stretching distance highlights

the fact that the 1D model is even better as the slenderness approximation is approached.

Moreover, since the stretching velocity is low Vp/Uc¼ 0.31< 1 (with Uc¼R0/s), the 1D

model may become remarkably accurate as pointed out by Yildirim and Basaran (2001).

C. Transient characteristics of the stretching and thinning process

Comparison of simulated transient profiles with the experimental ones is shown in

Fig. 11 for the FENE-CR model. The addition of polymer contributes to stabilize the fila-

ment resulting in preventing the early time rupture of the filament and the formation of a

central drop. In sharp contrast to the Newtonian fluid, a long lasting uniform filament is

observed and this was also numerically well predicted. Figures 10(b) and 11(b) are 3D

representations of the filament at the end of the simulation close to break-up and show a
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nascent or formed beads in the middle of the filament. The formation of beads on string

also has been observed experimentally (snap shot of profile taken at 16.8 ms or 17 ms,

respectively, inset in Fig. 10(a) or 11(a) although they did not necessarily form at the same

location as predicted in the simulation. This difference in location, asymmetric in the

experimental case, may be due to a slight variation in velocity between the upper and the

lower pistons or to a none perfectly symmetrical fluid quantity on top and bottom pistons.

Figure 12 presents the evolution of the apparent Trouton ratio, ge,app/g0, as a function

of the Hencky strain for FENE-CR constitutive model as well as experimental data.

Numerically, the apparent Trouton ratio has been estimated using Eq. (29), whereas,

experimentally, the midfilament diameter was used to obtain the transient extensional

viscosity gext [Anna and McKinley (2001)]

gext ¼ �
ð2X � 1Þr
dDmidðtÞ=dt

; (30)

where X is a geometrical factor that corrects for the nonperfectly cylindrical shape of

the filament. The apparent extensional viscosity, where ge,app¼ gext/(2X� 1), was used

FIG. 10. (a) Comparison of the midfilament evolution of (–) simulation prediction of the FENE-CR model with

De¼ 0.47 and (h) experimental measurements of the DEPþ 2.5 wt. % PS. Initial gap size: 0.6 mm, final gap

size: 2.2 mm (or aspect ratio Lf/R0¼ 3.6), pistons relative velocity: 150 mm/s. (---) Represents piston cessation

of motion. (b) 3D representation of the filament close to break-up.
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preferably to gext to remove all effects due to the geometrical correction introduced by vary-

ing the value of X. The first derivative of the midfilament has been obtained by direct differ-

entiation of the midfilament diameter [dDmidðtÞ=dt 	 DmidðtiÞ � Dmidðti�1Þ=ti � ti�1],

after a smoothing operation that consisted in performing a running average of window size

of seven points.

It is worth noting that the experimental device by itself is unique in its ability to access

high filament stretching strain rate which subsequently enables probing extensional rheol-

ogy of low viscosity weakly viscoelastic fluids with extensional relaxation times as short as

200 ls [Vadillo et al. (2010a); Ardekani et al. (2010); Campo-Deaño and Clasen (2010)].

This experimental capability can bring new insight in the understanding of the fluid micro-

structure for different flow conditions as well as providing experimental data to an area of

rheology limited, until now, to simulations. As stated by Ardekani et al. (2010), the

experimental determination of extensional viscoelastic properties for these very low

viscosity and weakly elastic liquids is a particular challenge using traditional rheometers.

FIG. 11. (a) (left) Photographs of the filament break-up captured with the Cambridge Trimaster (top) and the

corresponding numerical profiles (bottom) at different specified times. Initial gap size: 0.6 mm, final gap size:

1.4 mm, pistons relative velocity: 150 mm/s. (right) the FENE-CR De¼ 0.47 transient profile predictions in the

case of DEPþ 2.5 wt. % PS110; (b) 3D representation corresponds to the filament at the end of the simulation.

Times are, from left to right: 5.3 ms, 10.2 ms, 13.5 ms, 15.2 ms, 16.8 ms, and 17 ms.

FIG. 12. The simulated apparent Trouton ratio as a function of the Hencky strain for (–) the FENE-CR model

with De¼ 0.47 (aspect ratio of 2.3) and (^) experimental results [Eq. (30) with X¼ 1]. (–-–) Represents piston

cessation of motion.
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A reasonable agreement can be observed between the simulated and the experimental

apparent Trouton ratio. FENE-CR constitutive model was capable of capturing correctly,

the complex behavior of the extensional viscosity with the Hencky strain in particular in

the region of large deformation. The discrepancy noticeable at low Hencky strain may be

attributed to experimental measurement errors; the use of approximate piston motions the

limitation of the constitutive model leading to difficulty to reproduce the transition

between visco-capillary thinning to elasto-capillary thinning. Figure 13 presents the

Weissenberg number (defined as Wi ¼ k: _e) as a function of time and illustrates critically

that the transition between a Newtonian filament decay and a viscoelastic exponential

decay occurs in the transition region of Wi between 0.5 and 1.0. The figure also shows an

apparent mismatch in time delay between the simulated and the experimental curves,

which appears to be related to the simulation incorrectly predicting the exact form of

decay in the transition region.

Concerning the formation of the bead referred to in Figs. 10 and 11, it may attributed to

the inversion in the axial velocity (Fig. 14) that occurs at the stagnation point located at the

midposition of the filament (z¼ 0). The upper right hand diagram shows, in particular, the

velocity direction inside the filament during the stretching process and clearly pinpoints a

change of direction (see lower right hand diagram). This inversion leads to fluid build up in

the center of the filament, whereas the ends of the filament thin and pinch-off occur near

the pistons (Fig. 6) for a Newtonian fluid. In the viscoelastic case, the pinching at the pis-

tons is delayed due to the growth of the elastic stress of the strain-hardening filament which

overcomes the surface tension forces, corresponding to the main destabilizing forces in the

filament. It is also noted that, since the filament is relatively slender, the deformation

becomes close (around t/tp¼ 0.8) to an uniaxial extension (V� z) before break-up occurs

[Figs. 14(b) and 14(c)]. The curves for the axial velocity are quite smooth at the beginning

of the stretching but progressively become more and more abrupt with a sharp fall at the

center of the filament leading to localized formation of beads. Since modeling has been per-

formed for two different aspect ratios (2.3 and 3.6), it may be noted that in addition of iner-

tia, as stated in Bhat et al. (2010), operating conditions (piston displacement history) may

also play a major role in the formation of the bead on a string structure especially when

dealing with filament stretching experiment. The bead formation is more prominent in the

case of a stretching distance of 1.6 mm (aspect ratio 3.6) compared to the one at 0.8 mm

(aspect ratio 2.6) as highlighted in Figs. 14(b) and 14(c).

It may be useful to emphasize that the approach proposed in this paper is fully based

on theoretical arguments and experimental measurements to determine all the inputs

FIG. 13. Comparison of Weissenberg number for long time relaxation time (1.19 ms) calculated for (~) experi-

mental and (---) numerical FENE-CR constitutive model. (^) experimental midfilament data and (–) simulated

midfilament diameters as a function of time. Constitutive model: FENE-CR k¼ 1.19 ms, g¼ 15 Pa, De¼ 0.47.

(–-–) Represents piston cessation of motion.
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parameters of the model such as the extensibility and the relaxation’s times in the linear

and the nonlinear regimes. This work highlights the need to fully employ the piston dis-

placement history and the necessity of a multimode approach. As far as, we are aware

off, there is no quantitative comparison in the literature between the experiments and

simulations both in terms of midfilament evolution and transient profile for stretching

experiments with low viscosity and weakly viscoelastic fluids.

V. CONCLUSIONS

In this paper, a complete modeling of the fluid filament stretching and thinning proc-

esses has been performed using a one-dimensional approach for both Newtonian and

non-Newtonian fluids. The approach takes proper account of the initial piston filament

FIG. 14. The computed axial velocity evolution for a stretching distance of 0.8 mm (aspect ratio 2.3) in (a)

Newtonian case and (b) the FENE-CR model with De¼ 0.47. (c) shows the evolution for a stretching distance

of 1.6 mm (or aspect ratio Lf/R0¼ 3.6) and FENE-CR model with De¼ 0.47; time is scaled by tb, the pinch-off

time. The right hand diagram shows the velocity direction inside the filament during the stretching.

180 TEMBELYet al.

Downloaded 22 Dec 2012 to 109.154.120.51. Redistribution subject to SOR license or copyright; see http://www.journalofrheology.org/masthead



stretching motion using an ALE formulation and this was found to be an important factor

that needs to be considered to obtain a good matching with experiment. The constitutive

equations considered for non-Newtonian fluids was the well known Oldroyd-B and

FENE-CR formulated in the 1D approximation. The simulations were tested against

results obtained from the Cambridge Trimaster apparatus, and quantitative comparisons

between the experimental and numerical results were performed for the piston deforma-

tion and subsequent transient surface tension driven thinning phenomena. The behavior

of the Newtonian fluid was very well predicted by the numerical model. In the case of the

non-Newtonian fluid, the single-mode Oldroyd-B model shows some discrepancies at

long times probably related to the infinite extensibility of this model, while the single-

mode FENE-CR gave better results at least in terms of break-up time even, if it fails to

accurately describe the full elongational transient profile. In order to achieve a good fit to

the experimental data, it was necessary to use the relaxation time measured from experi-

mental filament thinning. The relaxation time derived from the PAV was far too short to

have an observable effect. It is concluded that either the relaxation time of the polymer

increases during stretch or a single-mode description of the LVE is inadequate, and lon-

ger modes exist but are not detected by the PAV. In order to capture the full profile and

predict the correct break-up time with self consistent results to the PAV, it is suspected

that a mono modal constitutive equation is insufficient and that a multimodal approach

will need to be explored. The extreme sensitivity of the simulation to the pistons velocity

profile must also be taken into account and this factor may also influence the discrepancy

in the transition region before the onset of the exponential thinning behavior. Finally, it

may be necessary to modify the constitutive equation or consider other closure equations

to reflect a change in relaxation with polymer stretch. The 1D model for the many reasons

mentioned in this paper may prove to be convenient in order to explore other complex sit-

uations either in terms of constitutive equations and/or in terms of operating conditions.
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