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Abstract--Numerical techniques for characterising the kinematic mixing rates and the distribution of
mixing are presented. These techniques are evaluated for constant volumetric flow and oscillatory flow in
a baffled channel. The mixing rate is obtained by two techniques, both ofwhich are based on the stretch rate
of infinitesimal lines, averaged over the flow volume. The mixing rate is independent of the numerical
parameters and can relate to the rate of reduction of the scale of segregation. For constant volumetric flow,
an instability leads to an unsteady flow and a rapid increase in the mixing rate. For oscillatory flow, the
mixing rate was observed to be well distributed over the flow field for Reynolds numbers > 80. The
technique appears to be generally applicable to other flow geometries but requires knowledge of the
velocity field.

I. INTRODUCTION
Mixing behaviour has traditionally been studied by
observing the variation in the concentrations of mixing species in time or space. Dankwerts (1952) has
defined two parameters to describe the mixing of
a binary system: the scale of segregation and the
intensity of segregation. These measures are calculated from the concentration distribution and have
in the past been difficult to measure experimentally.
Mixing rates have more commonly been quantified
using various types of mixing time. Mixing times have
been successfully modelled by following the concentration field [e.g. Ranade et al. (1991)-I, but the definition of mixing time varies widely. Modelling techniques have attempted to average over the whole
volume using the variance in concentration (Edwards
et al., 1985) and entropy considerations (Owago and
Ito, 1975). However, the observed mixing time will be
a function of the starting condition and the tracer
diffusivity, making comparison of different geometries
rather difficult. The mixing time approach has also
presented problems for the numerical simulation of
mixing processes in laminar flows, as the process is
also controlled by molecular diffusion. When the diffusion rate is low (for example in many liquid flows)
the length scale of steep concentration gradients is
often smaller than the length scale of the discrete
*Corresponding author.

numerical grid [this can cause numerical diffusion,
Patankar (1980)]. Little advancement has been made
by this route in the understanding of fluid mechanical
mixing mechanisms and it seems likely that for many
situations the experimentally observed mixing
rate will be controlled by the non-diffusional mixing
processes. It is therefore desirable to develop techniques that separate dynamical non-diffusional fluid
mixing from the diffusional processes. This type of
approach would facilitate the scale up of mixing devices, and allow the comparison of different mixing
flows without the need to consider diffusional
processes.
Although some of the early work on mixing processes recognised the need to observe Lagrangian
processes (Batchelor, 1952; Welander, 1955), detailed
studies of non-diffusional mixing in even simple flows
has only recently been achieved. Developments in the
field of dynamical systems have led to a new approach
to the understanding and study of the kinematics of
fluid mixing. With the publication of the book by
Ottino (1989), a mathematical framework for the
analysis of mixing systems has been put forward. This
approach uses Lagrangian techniques to characterise
the mixing process by observing the stretch rates of
fluid lines or surfaces. If one considers a system of two
segregated fluids then, in the absence of diffusion, the
only form of mixing that can occur is the stretching of
the interface between the two fluids. In the terms
of Dankwerts (1952) paper this is equivalent to the

3727

3728

E. P. L. ROBERTSand M. R. MACKLEY
L

I
----B[ . . . . . r

I

I

Iy ,

I

Fig. 1. The bamed channel geometry, L = 1.5H, B = 0.25H.

reduction of the scale of segregation and therefore
a measure of the kinematic mixing rate.
In order to describe fully a non-diffusional mixing
process for a binary system it is necessary to follow
the position of the interface between the two fluids.
However, for chaotic mixing systems (efficient mixing
systems are chaotic) the interface will stretch exponentially in time and the computing time required to
model the interface will rapidly become unwieldy
(Ottino, 1989, Table 9.2). Furthermore, the stretch
rate of a single interface may n o t provide a useful
characterisation of the kinematic mixing rate of the
full flow field, as the interface may remain in a low
mixing region of the flow (Roberts, 1992). Low mixing
regions can commonly occur in chaotic mixing systems [e.g. Swanson and Ottino (1990)] and may be
evident as stagnant zones in, for example, a stirred
tank.
Lagrangian studies of chaotic mixing have largely
been concerned with simple deterministic flow fields,
for example, the blinking vortex flow [a Stokes flow
studied by Aref (1984)] and the journal bearing flow
[a creeping flow studied by Swanson and Ottino
(1990)]. Sobey (1985) has made qualitative observations of Lagrangian fluid motion for oscillatory flow
in a wavy walled channel, but detailed studies of
complex engineering geometries are rare. With the
rapid advancements in the field of computational fluid
dynamics increasingly complex flows are accessible to
numerical simulation.
This paper aims to develop a general strategy for
studying mixing for complex process engineering
flows, using the appropriate Lagrangian techniques.
The developed strategy will be tested for the particular examples of a constant volumetric flow and an
oscillatory flow within a baffled channel. A kinematic,
non-diffusional approach will allow the determination of mixing rate in order to compare mixing rates
for different geometric designs, improve scale-up
criteria, provide information on the distribution of
mixing and give improved understanding of mixing
mechanisms. The paper is intended to follow the publication by Howes et al. (1991), which showed how
particle tracking techniques can be used to provide
a powerful tool for observing the mechanisms for
mixing and dispersion in unsteady flows.
In terms of the flow geometry under consideration,
Roberts (1994) has observed a transition to unsteady
flow at low Reynolds number for constant volumetric
flow in baffled channels. The use of obstructions on
heat exchanger surfaces for the enhancement of trans-

fer coefficients is also well known [e.g. Kays and
London (1964)]. This type of flow is readily accessible
to numerical simulation and will be used to demonstrate the importance of chaotic flow for generating
efficient mixing in an engineering geometry.
Brunold et al. (1989) observed that oscillatory flow
in baffled channels and tubes led to an efficient eddy
mixing flow regime and Dickens et al. (1989) have
found that short stroke pulsation in a baffled tube can
also give a near plug flow residence time distribution.
Mackley et al. (1990) have shown that oscillating flow
in a baffled tube can also provide an efficient mechanism for heat transfer, and a similar device has been
used to enhance mass transfer rates in a blood oxygenator (BeUhouse et al., 1973). These observations
show that the use of oscillatory flow in an obstructed
geometry has significant potential for a process mixing device and these types of flows show a high degree
of complexity, while remaining accessible to numerical simulation (Sobey, 1980, 1985; Howes et al., 1991).
We wish to show how stretch rate techniques can be
used to predict quantitatively mixing rates and illustrate the distribution of mixing for these complex,
inertial flows. The geometry chosen for this study is
a two-dimensional periodic baffled channel as shown
in Fig. 1, Previous numerical studies for this geometry
have been published by Howes et al. (1991) and
Roberts (1994). For simplicity, a single set of geometric parameters are used with a range of oscillatory and
steady flow boundary conditions. T h e paper is
divided into eight sections. Section 2 briefly describes
the numerical flow simulation, while Section 3 describes the typical flow regimes that are observed. The
stretch rate techniques used for quantifying mixing
rates are described and assessed in Section 4 and the
observed behaviour for the flows studied in this paper
is outlined in Section 5. The distribution of mixing is
discussed in Section 6. Geometric optimisation and
energy efficiency are addressed in Section 7. The final
section is a concluding discussion of the observations
described in the paper.
2. THE NUMERICALSIMULATION
The numerical scheme is a vorticity-stream function finite difference solver for a two-dimensional incompressible Newtonian flow. The scheme is based on
the model used by Sobey (1980) and Howes et al.
(1989) and is described in detail by Roberts (1992).
Two types of flow are modelled, a constant
volumetric flow and sinusoidal oscillatory flow. For
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constant volumetric flow the total volumetric flow per
unit depth of channel, Q, is constant and given by
Q = UH

(1)

where U is the cross-sectional mean velocity. For
oscillatory flow, Q is time-dependent and is given by
Q = U,,xH sin (2uf~t)

(2)

where U,.x is the peak cross-sectional mean velocity.
The flow equations are solved in a dimensionless
form, with velocities scaled with U or U,.~ and distances (coordinates) scaled with channel width, H.
Time, t, is scaled with frequency of oscillation, fL for
oscillatory flows and with U / H for constant volumetric flow.
Vorticity, to, and stream function, ~,, are defined in
the usual way:
~v ~u
to
(3)
(~y t3x
u=-7-,
ey

v= --8x

(4)

where u and v are the dimensionless velocities in the
x and y directions, respectively (see Fig. 1 for x and y).
These definitions lead to a Poisson equation between to and ~O:
to =

-

+

(51

The vorticity distribution is obtained using an explicit technique from the vorticity transport equation:

to_
Ot

1 / 2to
S t \ cgx +

3y i# + ReSt\cgx2 + ey2i #

(6)
where Re is the Reynolds number based on U (or
U,.x for oscillatory flows) and H, and St is the
Strouhal number for oscillatory flows (St = IIH/U,.x).
Equation (6) is used to step forward in time using an
explicit technique. The stream function is then obtained from eq. (5) using a multi-grid technique to
obtain an iterative solution.
A finite difference grid of 64 x 42 grid points over
one cell of the geometry is used, and the flow is

(a) ~
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assumed to be two-dimensional and periodic in the
x direction. Numerical tests have indicated that this
grid size is sufficient for the range of flow conditions
studied in this paper (Roberts, 1992, 1994). The time
step length is chosen to give numerical stability for the
convection terms in the vorticity transport equation
and typically for these simulations was 0.0025,
The flow conditions (oscillatory or steady flow) can
simply be prescribed using the stream function
boundary conditions on the top and bottom walls of
the channel.
3. FLOW PATTERNS
The observed flow patterns will be illustrated using
plots of instantaneous streamlines. These show the
location and size of vortices and for unsteady flows,
a sequence of plots can be used to follow vortex
motion, For unsteady flows this type of representation can only provide qualitative information on the
kinematic mixing behaviour.
The flow patterns observed for constant volumetric
flow in the geometry shown in Fig. 1 have been described in some detail by Roberts (1994). Figure
2 shows the instantaneous streamline patterns observed Re = 60 and Re = 160. For Reynolds numbers
less than 100, the flow is observed to be steady and
symmetric with captive vortices formed behind each
baffle. At Reynolds numbers greater than 100, the
flow becomes asymmetric and unsteady with eddies
shed successively from each baffle. This transition has
been described and analysed by Roberts (1994).
The flow patterns observed for oscillatory flow in
obstructed tube and channel flows have been described in the literature (Brunold et al., 1989; Stepanhoff et al., 1980). These flows are characterised by the
formation of vortices downstream of the obstruction
during flow acceleration and ejection of the vortex
into the centre of the tube or channel on flow reversal.
This process of successive vortex formation and ejection has been termed vortex mixing by Sobey (1980).
Figure 3 shows the observed instantaneous streamline
patterns at the point of flow reversal for a range of Re
and with St = 1.0. In each case a pair of eddies are
observed downstream of each baffle which have been
formed during the right to left stroke of the oscillation,

(b) Re=200

Fig. 2. Numerically obtained streamlines for constant volumetric flow. tp at intervals of 0.05, with two
additional streamlines in (a) to show the recirculation.
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(a) Re=l, ~ at 0.005 intervals

Co) Re=10, ~/at 0.025 intervals

(¢) Re-~0, ~ at 0.05 intervals

(d) Re=S0, ~ at 0.05 intervals

(©) Re=160, ¥ at 0.05 intervals
Fig. 3. Streamlines at flow reversal for oscillatory flows with St = 1.0.

With increasing Reynolds number the strength of
these vortices is observed to increase. At R e = 80 the
remnants of the pair of vortices formed during the
previous half cycle of the oscillation can be observed
in the left hand side of the cell. At a Reynolds number
of order 100-130 the flow is observed to become
asymmetric with a dominant vortex formed in each
cell. Under these asymmetric flow conditions the main
stream of the flow is observed to sweep alternately
across each wall of the channel with each cycle of
oscillation. This asymmetry may improve the engineering properties of the device, for example the heat
transfer coefficient may be enhanced by the periodic
erosion of the boundary layer at each wall.
Figure 4 shows the instantaneous streamline patterns observed for a range of Strouhal numbers with
R e = 80. A reduction in St with constant Reynolds
number corresponds to an increase in the displacement amplitude and a reduction in the frequency
of oscillation. The effect of this reduction in St
can be observed in Fig. 4, with the size of the main
pair of eddies increasing. The remnants of the eddies
formed in the previous half cycle are observed to
decay and disappear as the frequency of oscillation
decreases.

Further details of the flow patterns observed for
oscillatory flows will be published in a separate paper
(Roberts and Mackley, 1995).

4. QUANTIFYINGKINEMATICMIXING USINGTHE MEAN
GLOBALSTRETCH RATE
Sobey (1985) and Howes et al. (1991) have shown
how particle advection techniques could be used to
illustrate the mechanisms of mixing and dispersion.
Different mixing rates under different flow conditions
can be clearly inferred from the colour plates published by Howes et al. (1991). It should therefore be
possible to quantify the mixing rates observed using
particle advection techniques.
In the absence of diffusion the mixing rate is related
to the stretch rate of fluid lines as discussed in Section
1. Ottino (1989) has shown how local stretch rates can
be used to quantify kinematic mixing rates using
a parameter termed mixing efficiency. The local
stretch rate is similar to the Liapunov exponent of the
fluid motion (a parameter used to describe the level of
chaos in a dynamical system).
For the current study, two separate techniques are
used to quantify the kinematic mixing rate in terms of
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O) st.=o.6s

l

L
(a) St'~.453

(b) St-'-0.341

Fig. 4. Streamlines at flow reversal for Re = 80. t# at intervals of 0.05.

the local stretch rate: (i) the particle separation approach where the local stretch rate is estimated from
the separation rate of adjacent marker particles and
(ii) the line element approach where the local stretch
rate is obtained from the velocity field. These two
approaches are described below and are evaluated for
a representative set of flow conditions, namely an
oscillatory flow with R e = 60, St = 1.0.

4.1. The particle separation approach

The local stretch rate is the stretch rate of a small
(infinitesimal) line as it is advected in the flow. This
local stretch rate can be estimated by modelling the
motion of passive marker particles [see Howes et al.
(1991)] and examining the relative locations of particles that were initially adjacent. For an efficient
mixing flow the local stretch rate will be an exponential stretch rate (Ottino, 1989). The local exponential
stretch rate can thus be approximated from the exponential rate of separation of two closely placed
marker particles. Information on the position of an
array of marker particles is depicted in the colour
plates of Howes et al. (1991) and these data can be
used directly to determine a measure of the kinematic
mixing rate.
The advection of passive marker particles is followed by integrating the local velocity field, as described by Howes et al. (1991) and in more detail by
Roberts (1992). Thus, the movement of a particle
located at (x', y') at time t is defined by the following
equation:

~X'
1
- : - -u(x', y', t)
ct

(7a)

-:'
t).
?t = ~ v ( x , .v',

(7b)

As presented in the earlier paper (Howes et al., 1991),
the motion of an array of particles is followed by
integration of eq. (7). Particles are initially distributed
evenly over the flow domain as shown in Fig. 5.
The stretch rate of a small line between two partides can be estimated from separation rate of adjacent particles, provided the distance between the two
particles is small. Thus, after time t the stretching
experienced by a small line represented by two initially adjacent particles is given by

s = ( "Fo)

18)

where lo is the initial separation of the two particles
and It is the distance separating the particles at time
t as shown in Fig. 6.
The averaged exponential stretch rate, s, of the
small line over advection time t can thus be estimated
from the position of the two particles at time t:

In order to average the stretch rate over the whole
flow field the averaged value of sp for all initially
adjacent pairs of particles, ~ , is calculated. Note that
each particle (i, j) has four initially adjacent particles,
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Fig. 5. Schematic showing the initial position of an array of marker particles.

of the line element is given by
d(lnl)
dt = sin20Ov
~y + s i n O c ° s O ~(~x + O~yy)

Fig. 6. The stretching of a small line between adjacent particles.
two in the x direction [(i + 1, j) and (i - 1, j) ] and
two in the y direction [(i, j + 1) and (i, j - 1) ] as
shown in Fig. 5 above.
By following the position of an array of marker
particles it should thus be possible to follow a quantified kinematic mixing rate which is averaged over the
flow field. This mixing rate will correspond to the
kinematic mixing rate for the block of fluid represented by the particle array and which is advected in
the flow field over time t.
4.2. The line element approach
In order to obtain a more accurate value of the
local stretch rate, the motion and stretch rate of
infinitesimal line elements are studied. The modelling
of infinitesimal line elements in flows is a wellestablished technique [e.g. Khakar et al. (1987)
and Drummond and Munch (1990)]. The motion and
stretching of an infinitesimal line element is
established from the local velocity field. The line
element is advected with a passive particle and the
stretch rate and rotation rate of the line element are
calculated from the local velocity distribution. The
line element is first assigned an initial orientation
01 (ant°clockwise relative to x direction) and the rotation rate is given by

dO

--dr = c°s20~x + sin 0 cos \Oy - ~ x ) - s i n

Oy"
(lO)

This is integrated numerically to track the orientation of the line element. In this case there is no absolute or initial length as the line is of infinitesimal
length and it is only the (exponential) rate of change of
length that is followed. The instantaneous stretch rate

du
+ cos 2 0~x.

(11)

The time-averaged (exponential) stretch rate of
a line element (equivalent to the local stretch rate, s)
can be obtained by integrating the instantaneous
stretch rate from eq. (11) [c.f. eq. (9)]:
1 I'd(In
s = 7Jo-~-

l)dt,
'

(12)

Note that if two initially orthogonal line elements
are modelled at the same location it is possible to
calculate the stretch rate, s, and orientation, 0, after
time t for an element of any initial orientation at that
location, as shown in Fig. 7. Note also that the averaged value of the stretch rate of two orthogonal line
elements is initially zero, due to the equation of continuity for an incompressible flow.
An initial condition with an array of orthogonal
line elements (in the x and y directions) distributed
evenly throughout one cell is used as shown in Fig. 8.
As with the particle separation approach a volumeaveraged stretch rate, g, can be obtained by averaging
the stretch rate for all line elements.
4.3. Comparison of the two approaches
The particle separation approach and the line element technique are equivalent provided the approximation s~sp [eq. (9)] is valid. This approximation
will be valid provided the separation of adjacent particles is small compared to the minimum radius of
curvature of the advected line which initially connected the two points, as shown in Fig. 9.
Figure 10 shows the behaviour of g and ~ under
equivalent flow conditions using 18,161 advection
particles and 18,161 pairs of line elements. As expected in both cases the initial value of g is close to
zero. The agreement between g and ~ is good up to an
advection time of ~ 3 oscillation cycles, after which
begins to fall as the distance separating adjacent particles becomes large.
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The stretch and orientation
of a line element initially at
angle 0 can be determined
by considering the motion
of elements a and b, which
are parallel to ~t and [3

w

Fig. 7. Schematic showing two initially orthogonal fluid elements deforming in a flow.
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Fig. 8. Schematic of a uniform distribution of orthogonal
line elements.
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Fig. 9. Schematic showing the advection of a line passing
through two marker particles and illustrating the circumstance where the approximation s ~ sp is valid.
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Fig. 10. Comparison of the volume-averaged stretch rate obtained using the line element and particle
separation techniques.
As the advection time increases the value of g obtained using the line element technique approaches an
asymptotic value. In dynamical systems terms this
indicates that the motion has a positive Liapunov
exponent and the advection is therefore chaotic. Provided that it is independent of the numerical parameters and the initial arrangement of line elements,
this asymptotic value of g will provide an excellent
measure of kinematic mixing rate. For these oscilla-

tory flows the asymptotic value of g can be estimated
reasonably accurately after a single oscillation cycle.
For these flow conditions the particle separation technique can therefore also be used to estimate the
asymptotic value of g, after one oscillation cycle.
The conditions required to ensure that ~ ~ g can be
ascertained by analysis of Fig. 10. At t ~ 3.0, ~ begins
to deviate from g, with ~ = 0.63 and lo = 1.05 x 10 -2.
Substituting into eq. (9) gives a limiting value for It of
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0.07. Assuming that the limiting value of It in oscillatory flows is only weakly dependent on the precise
flow conditions (e.g. Re and St) then for a fixed Io,
from the limiting value of It we can obtain a value for
s-~ above which the approximation of ~p~ g will no
longer be valid. This assumption is probably reasonable as results have indicated that the minimum
radius of curvature of finite length lines advected in
the flow is not a strong function of Re or St (for the
range of flow conditions considered in this paper).
Thus, for lo = 1.05 x 10 -2, values of ~ > 2 at t = 1
would be expected to give a low estimate of gas.
4.4. The influence of numerical parameters
The key numerical parameter for the particle separation approach is the number of marker particles used
as this controls the initial separation of the particles

lo. Taking the value of ~ after one oscillation cycle
and with flow conditions of Re = 60, St = 1.0, Fig. 11
shows the variation of ~p with the number of evenly
spaced marker particles used. For these flow conditions the parameter ~p is independent of the number of
marker particles, provided more than ~ 1000 particles
are used. By examining eq. (9) and considering the
initial particle spacing lo for 1000 evenly spaced
marker particles, we obtain a limiting value of It of
,-~0.08 in agreement with the analysis above.
The number of pairs of line elements and the orientation of these line elements may influence the value of
g obtained using the line element approach. Figure 12
shows how g varies with time for an oscillatory flow at
Re = 60, St = 1.0. The asymptotic value of g appears
to be independent of the number of pairs of elements
used, but if less than ~ 1000 elements are used then
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Fig. 11. The effect of the number of particles used on Tp.
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Fig. 12. The variation of g with time and the influence of the number of line elements used.
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the time taken to reach the asymptotic value increases. As discussed above the value of s for a line
element of any initial orientation can be calculated
from the behaviour of the two initially orthogonal line
elements at the same location. Table 1 shows the effect
of using a n u m b e r of different initial orientations on
the value of g obtained for the oscillatory flow with
Re = 60, St = 1.0 after one oscillation cycle. The
n u m b e r of initial orientations used has little effect on
the value of g obtained.
4.5. Recommended approach
The asymptotic averaged local stretch rate ga~ obtained from the particle separation data can be used
as a quantified measure of the kinematic mixing rate
of a known flow. The value of gas is independent of the
numerical parameters and provides a physically
meaningful parameter, representing the average local
stretch rate of an interface in the flow field. It also has
practical value as the scale of segregation for a given
flow will reduce at an exponential rate approximately
equal to ga~.
The line element approach can be used as a general
technique to quantify the kinematic mixing rate, ga~, in
any flow where the full velocity field can be obtained.
This is an accurate technique and can easily be
Table 1
Number of initial
orientations

gas

2 (0 and 7t/2)
2 (0 and 3n/4)
4
20
100

0.658
0.674
0.666
0.668
0.668

incorporated into any numerical flow modelling code.
Where computational time is limited the particle
separation technique can be used to estimate ga~, provided checks are made to ensure that the value
obtained is not a function of the number of particles
used. The particle advection method has the advantage of only requiring the modelling of particle
motions and so does not require any special numerical techniques.
For oscillatory flows, from the location of the particle array after one cycle, it is a simple matter to
obtain a reasonable estimate of gas from ~ . For the
comparison of a large n u m b e r of different flow conditions little computation time is required.
5. OBSERVED VOLUME-AVERAGED STRETCH RATES

In order to observe the behaviour of 3 for a range of
flow conditions, the particle separation method is
used to give an efficient and reasonably reliable
measure of mixing rate. 18,161 marker particles are
used to ensure a sufficiently small value of Io to cover
a wide range of conditions. Where the approximation
O f ~ p ~ is no longer valid (i.e. when It > 0.07) the line
element technique is used to ensure accuracy.
5.1. Constant volumetric flow
For constant volumetric flows it is first necessary to
establish what advection time and initial conditions
are suitable for providing a good estimate of the
asymptotic stretch rate, ~as. In this case the volumeaveraged stretch rates are observed to be strongly
dependent on the initial orientation of the line elements. In particular, after short advection times, elements initially oriented across the channel show much
higher stretch rates than those oriented along the
channel. Figure 13 shows the behaviour of the
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Fig. 13. The behaviour of g for line elements initially aligned along and across the channel, for constant
volumetric flow with Re = 60.
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volume-averaged stretch rates observed for two different initial orientations, with 18,161 line elements advected in a fully developed steady flow with Re = 60.
The two different stretch rates plotted here averaged
only for elements initially oriented in the same direction, i.e. along (x direction) or across (y direction) the
channel. The elements initially aligned along the
channel have very low stretch rates, reaching a maximum value of 0.18 before falling towards zero. The
averaged stretch rate of the elements initially aligned
across the channel rises very rapidly to a maximum
value of 1.9 after an advection time of t = 0.3, before
falling rapidly towards zero. The dramatic difference
in the stretch rates can be explained with reference to
the advection figures in Howes et al. (1991, Fig. 3).
Layers of fluid initially along the channel experience
very low mixing rates. Layers of fluid initially across
the channel will initially experience high mixing
(stretch) rates due to viscous shearing. After longer
advection times the stretch rate of these layers falls as
they become oriented along the channel. After long
advection times the volume-averaged stretch rates
decay towards zero as lit. This is the typical behaviour for steady two-dimensional flows and indicates
that the advection is not chaotic (Ottino, 1989;
Khakar and Ottino, 1986). The value of ~ for these
steady flows can therefore be taken to be zero.
When the flow becomes unsteady and asymmetric
the stretch rate behaviour changes. Figure 14 shows
the stretch rates observed for Re = 160, again comparing the behaviour for the two different initial orientations. In contrast to the steady flow, a positive
asymptotic value of ~0.55 is approached, indicating
that the advection behaviour has become chaotic. The
elements initially along the channel rapidly approach
this asymptotic value. The stretch rate for the elements initially across the channel rises rapidly at first

before falling to approach the same asymptotic value
after long adveftion times. Viscous shearing would
still seem to be the dominant stretching mechanism,
hence the large difference in stretch rates observed at
short advection times. The eddy shedding process
however is reorienting the elements so that they still
experience positive stretch rates after long advection
times. This effect can be clearly seen for horizontal
layers of fluid in the particle advection behaviour
observed by Howes et al. 1"1991, Figs 3(c),(d)]. Figure
14 shows that the time-averaged stretch rate of elements initially aligned along the channel approaches
the asymptotic value rapidly and after t = 2 this can
be used as a good estimate for ~as- An advection time
of t = 2 is appropriate for these unsteady flows as this
is approximately the time scale of the unsteady
motion (Roberts, 1994).
The asymptotic stretch rate is estimated for unsteady flows from the stretch rate obtained using the
particle separation method at t = 2.0, averaged for
18,161 pairs of particles, initially oriented along the
channel, S~p~.This is found to give a reliable estimate of
~,5 without the need for modelling long advection
times. Where ~ > 1.0 (i.e. It > 0.07) the line element
method is used to ensure that an accurate estimate of
sas is obtained.
This quantitative measure of fluid mixing rate,
spx, is plotted against Re in Fig. 15. The transition to
unsteady flow leads to a discontinuity in the observed
mixing rate, from a stretch rate of zero for steady
flows to a positive value of ~ 0.4 for unsteady flow just
above the critical Reynolds number. For unsteady
flows the stretch rate is observed to increase approximately linearly with Reynolds number. This implies
that the dimensional stretch rate, sU/H, will increase
as the square of the flow rate. Thus, the transition
to unsteadiness leads to fundamental change in the
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Fig. 14. The behaviour of ~ for line elements initially aligned along and across the channel, for constant
volumetric flow with Re = 160.
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Fig. 16. Asymptotic stretch rate, g~s, versus Reynolds number for oscillatory flow at a range of Strouhal
numbers.

mixing behaviour of the flow, with a rapidly increasing kinematic mixing rate observed as the Reynolds
n u m b e r is increased.
5.2. Oscillatory f l o w
For oscillatory flows the mixing rate is quantified
using the particle separation approach, ~ , for t = 1.0.
This has been shown to give a reliable estimate of
for these oscillatory flows (see Section 4). The dimensional stretch rate has dimensions of l/time and is
made dimensionless with the frequency of oscillation
(see Section 2). In order to compare flows with different frequency, it is necessary to scale the stretch rate

with Strouhal n u m b e r
s' = s St.

(12a)

The kinematic mixing rate obtained, g~'s,is observed
to increase rapidly at low Reynolds numbers, but with
little further increase for Re > 150. The kinematic
mixing rate is found to be weakly dependent on
Strouhal number. Figure 16 shows the behaviour of
,~'s, with varying Reynolds n u m b e r for four values of
the Strouhal number. Also shown are the stretch rates
observed for the constrained symmetric flow at
S t = 1.0. At high R e and low St where g~'s, > 1.9, the
line element method is used to ensure an accurate
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estimate of s's (cf. Section 4). For Re < 150 a rapid
increase in stretch rate is observed with Reynolds
number for all Strouhai numbers. This is due to the
increasing development of the eddy shedding regions.
For Re > 150 little increase in stretch rate is observed
for the asymmetric flows. This implies that the dimensional stretch rate increases approximately linearly
with the frequency of oscillation.
The value of g'a~, obtained generally increases
with increasing Strouhal number. This is probably
due to the increasing eddy interaction observed with
increasing St. This observation is also in agreement
with the recent results of Mackley and Stonestreet
(1995), which indicate that the energy dissipation for
oscillatory flows in baffled tubes increases signifi-

cantly with decreasing amplitude of oscillation fincreasing St).
5.3. Orientation effects
Observation of the volume-averaged stretch rates
showed the importance of the orientation of line elements for constant volumetric flows (Figs 13 and 14),
Ottino (1989) has stressed the importance of the reorientation of line elements in the flow in order to
achieve efficient mixing (i.e. high stretch rates). The
dominant orientation of line elements can be quantified by defining an orientation parameter ~:
= (2cos 2 0 - 1)
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Fig. 17. The behaviour of the orientation parameter for steady and unsteady flow.
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where 0 is the angle between a line element and the
x direction, nr lies between - 1 and + 1 with
m = - I if all elements are oriented across the channel, m = 0 if the elements are randomly oriented and
= 1 if all elements are oriented along the channel.
Figure 17 shows the behaviour of the orientation
parameter ~ for a steady flow with Re = 60 and an
unsteady asymmetric flow with Re = 160. The line
element approach is used with an array of 18,161 pairs
of elements. For the steady flow, ~r rises rapidly to
a value of 0.8 indicating that the line elements are
dominantly oriented along the channel. For the unsteady flow, ~ oscillates around a value of 0.4 with
a frequency equal to the eddy shedding frequency (i.e.
twice the periodicity of the flow). The eddy shedding
process is reorienting the line elements to give higher
stretch rates associated with the shearing action.
For oscillatory flows the eddy shedding motion
described in Section 3 is found to give efficient reorientation of the line elements. This reorienting action of the eddy shedding can be studied by following
the orientation parameter ~r. Figure 18 shows the
behaviour of the orientation parameter ~r for two
different flows: (a) Re = 20, St = 1.0, (b) Re = 160,
St = 1.0. At the lower Reynolds number, ar approaches an asymptotic value of ~0.25. The small
eddies are providing a weak mechanism for reorienting elements, but nr shows little variation during each
cycle. At Re = 160, St = 1.0 the stronger eddies reorient the elements efficiently so that at long times
approaches ~0.1 and the orientation of the
elements is more evenly distributed. The large fluctuations in ~ indicate that the orientation of the elements is rapidly changing during each cycle, due to
the presence of the dominating eddy (see Section 3).

6. DISTRIBUTION OF KINEMATIC MIXING: T H E STRETCH
RATE MAP

When comparing the mixing performance of different systems the use of a single mixing rate parameter
may not be sufficient. The distribution of mixing
throughout the flow field may also be important and
techniques for illustrating and quantifying the distribution of kinematic mixing are required. The techniques described in Section 4 for quantifying an averaged mixing rate are based on a local stretching rate.
The distribution of local stretch rate can therefore be
usefully employed to study the distribution of mixing
throughout the flow.
Swanson and Ottino (1990) have plotted black and
white pixel maps of time-averaged line element stretch
rates averaged over a large number of orientations.
Using this approach a pixel is black if the average
stretch rate of line elements that are advected to the
pixel location is greater than a chosen cut off value.
This technique required modelling the advection
backwards in time, a relatively simple process for the
creeping flows studied by Swanson and Ottino (1990),
but more difficult for the inertial flows studied in this
paper. Furthermore, Swanson and Ottino (1990) were
CE$ 50-23-F
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concerned with comparison of experimental visualisation techniques not used in this paper.
• The approach used in this paper is to consider the
stretching that a small fluid interface would receive if
placed at a specihc location (and orientation) in the
flow. By plotting contours of stretching rate received
by elements distributed throughout the flow, a map of
the kinematic mixing distribution can be obtained.
This technique will illustrate how evenly the mixing is
distributed and shows how the location of a fluid
element effects the stretching that it will subsequently
experience in the flow. Using colour graphics the full
distribution of line element stretch rates can be illustrated. Figures 19(a} {c) show the distribution of timeaveraged line element stretch rates averaged for two
initial orientations (0i = 0 and re/2) at 18,161 initial
locations, for oscillatory flow at Re = 60,
St = 1.0, after 1,3 and 15 oscillations. Thus, the colour
at any 9iven location indicates the stretchin,q rate that
an element initially placed at that location experiences,
averaged over the advection time.
Figures 19(a~-(c) show that although this distribution is a function of time the structure of the map is
retained. Ultimately, the time-averaged stretch rates
of line elements located in a chaotic region will all
asymptote to the same value (~d¢--the Liapunov exponent for the chaotic advection). Thus, Fig. 19(c) shows
that after a long advection time the time-averaged
stretching rate has become nearly even over most of
the flow domain, and little of the structure visible in
Fig, 19(at remains. Regions of low stretch rate are
apparent along the centreline of the flow and in the
central part of the cell which is not involved in the
vortex mixing process under these conditions.
The particle separation technique may also be used
to observe the local stretch rate distribution (while l, is
small as discussed in the previous section); Fig. 19(d)
shows the stretch rate map obtained using the particle
separation technique for the same conditions as
Fig. 19(a). The two tigures are nearly identical confirming the equivalence of the particle separation and
line element approaches. The particle separation technique can therefore be simply used to observe the
local stretch rate distribution while l, is small.
The stretch rate map provides a powerful tool for
depicting the distribution of kinematic mixing
tstretching) and illustrating how this distribution develops in time. The rich structure of the mixing distribution is illustrated and any regions with low stretch
rates can be quickly identified. Observations of stretch
rate maps for constant volumetric and oscillatory
flow are described below.
6.1. Constant volumetric' flow
For constant volumetric flows the stretch rate map
is used to study both the distribution of mixing and
the effect of the initial orientation of line elements. At
low Reynolds numbers the stretch rates of elements
aligned across the channel are observed to be very
high after short advection times (see Section 5 above).
Elements aligned along the channel show low stretch
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rates, except in the shear layers downstream of the
baffles. Figures 20(a) and (b) show a comparison of the
stretch rate maps obtained for elements initially along
['Fig. 20(a)] and across [Fig. 20(b)] the channel for
steady flow with Re = 100. High stretch rates are
evident in Fig. 20(a) close to the baffle tips and in the
shear layers downstream of the baffles. Very high
stretch rates are apparent in Fig. 20(b), although close
to the centreline and in the slow moving recirculation
regions near to the wall the stretch rates are low.
When the flow becomes unsteady the structure of
the stretch rate maps changes significantly. Figures
20(c) and (d) show the equivalent stretch rate maps for
the unsteady asymmetric flow at Re = 160. The
stretch rates of elements initially oriented along the
channel is clearly increased due to the unsteadiness.
Cross channel elements still show higher stretch rates
than those initially along the channel, but in the
inter-baffle region the stretch rates are higher than for
the steady flows. The structure of the flow has clearly
changed dramatically due to the transition to unsteady flow. At higher Reynolds numbers the contrast
between the stretch rate maps for elements with different initial orientations becomes less severe. For
Re = 400 [Figs 20(e) and (f)] the stretch rate is well
distributed over the entire cell, and there is a little
difference between the maps for the two initial orientations [note that the colour scales of stretch rate in
Figs 20(e) and (f) are different from those used in
Figs20(a)-(d)]. The increased level of asymmetry
leads to a highly complex mixing structure.
6.2. Oscillatory flow
The mixing structure for oscillatory flow can be
studied using stretch rate maps, obtained using the
particle separation technique and averaged for the
two perpendicular orientations. The stretch rate distribution is observed to develop increasing complexity
as the vortex interaction increased. The developing
eddy shedding regions are observed to form high
stretch rate zones which grow to fill most of the cell by
Re = 80. Figure 21 shows the stretch rate maps obtained after an advection time of one cycle for a range
of Re, and for St = 1.0. For the lowest Reynolds
number [Re = 1, Fig. 21(a)] the stretch rate is close to
zero over most of the cell. Close to the sharp edge
where the local Reynolds number is high the fluid is
stretched as it moves back and forth across the baffle
tip. As the Reynolds number increases the stretching
structure in the eddy shedding regions of the flow
becomes apparent and the low stretch regions close to
the symmetry lines of the flow are clearly evident.
When the flow breaks symmetry [Fig. 21(d)] there is
a significant change in the structure of the stretch rate
maps. The stretch rate at the centre of the dominating
eddy is low, corresponding to the low mixing region
observed using particle array advection by Howes et
al. [1991, Fig. 4(d)]. Close to the walls and in the
regions behind the baffles the stretch rate is high.
For oscillatory flow with Re > 80 the stretch rate is
observed to be well distributed over the cell after one

cycle of advection, with small low stretch regions close
to the walls and in the corners of the cell. This implies
that these oscillatory flows will give nearIy uniform
mixing, which may be particularly important for some
process engineering applications such as crystallisation and multi-phase mixing. Similar trends in the
structure of the stretch rate maps were observed for
a range of Strouhal numbers (0.45 < St < i.0).
7. OPTIMISATIONAND ENERGY DISSIPATION
In principle, the techniques described in Section
4 can be used to optimise the geometry of a mixing
device. Figure 22 shows the observed asymptotic
stretch rate as a function of the baffle spacing for flow
oscillatory with Reynolds numbers of 60 and 80.
A maximum in the volume-averaged stretch rate is
observed in each case, with an "optimum" baffle spacing of around L = 0.6 and 0.9, respectively. Under the
optimum conditions the pair of eddies formed on each
stroke of the oscillation fill each cell. In each case the
optimum obtained gives an optimum geometry for
mixing under the chosen flow conditions. This may
not however be the optimum geometry for operation.
It will also be important to consider the energy losses
as well as the effect of the mixing on the overall
process performance.
It is possible to include the energy dissipation in the
mixing analysis. Ottino (1989) has defined a similar
asymptotic stretch rate to that used in this paper to
quantify mixing rates, but in an attempt to establish
an "efficiency of mixing" the stretch rate is scaled by
the local dissipation rate. A process engineer will be
concerned with the total (rather than the local) energy
dissipation rate, and it is desirable to define an efficiency based on the total energy dissipation. The
minimum rate of energy dissipation per unit volume
required to obtain a dimensional stretch rate s* in
a viscous fluid with viscosity # is given by
Emin ____.~(s,)2

(14)

An appropriate measure of the efficiency of mixing e is
thus
~(s*s) 2

e= - E

(15)

where E is the total rate of energy dissipation per unit
volume. The value of e has a limit for a pure extensional flow of ½ in two-dimensional flow and ~ in
three-dimensional flow. These limits can be compared
with those of x/~2 and x/~3, respectively, given by
Ottino (1989). This indicates that e may simply be the
square of the asymptotic efficiency defined by Ottino
(1989).
This parameter can also be obtained from simple
dimensional analysis. The asymptotic stretch rate is
a function of only of the flow field, U, while the energy
dissipation is a function of the flow field and the
viscosity of the fluid:
s*s = f ( U )
E = f ( U , U)-

(16)
(17)
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For a given U, E is simply proportional to p, thus

The left-hand side of this equation gives a single
dimensionless parameter e.
This simple parameter can be used to establish how
efficiently a flow field stretches fluid interfaces. For the
flows studied in this paper the energy loss can be
calculated from the pressure drop across a single cell.
This pressure drop can be obtained by integrating the
Navier-Stokes equation along a row of points. For
constant volumetric flows the pressure drop is time
averaged and scaled to give a dimensionless rate of

energy loss per unit volume. For oscillatory flows the
unsteady pressure drop is integrated with respect to
volume flow rate through one cycle to give the energy
loss per cycle. This is then scaled to give a dimensionless rate of energy loss per unit volume. Combing this
dimensionless energy loss with the stretch rate the
efficiency parameter e can be obtained. Figure 23
shows the values of e obtained plotted against
Reynolds number for both oscillatory (symmetric
with St = 1.0) and constant volumetric flows. The
oscillatory flow reaches a peak efficiency at a
Reynolds number of 130, and falls away at higher
Reynolds numbers. This is due to the energy requirement increasing at high Reynolds numbers, with
little improvement in the stretch rate obtained. The
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three-dimensional flow observed experimentally is
likely to have a larger stretch rate at high Reynolds
number, thus a much higher efficiency [as e is proportional to (s*s)2]. The constant volume flo,vs show
a discontinuity in efficiency at R e - - 100, when the
flow becomes unsteady. As the Reynolds number increases the efficiency of the constant volume flow
increases rapidly until at R e > 300 the constant volume flow is more efficient than the oscillatory flow.
The efficiency levels observed are much lower than the
two-dimensional limit mentioned above. This is not
altogether surprising as the stretch rate used is a volume-averaged asymptotic value, while the limiting
value is for an idealised local flow (pure extensional
flow). When compared with the square of the efficiency used by Ottino (1989), the values obtained are of
the same order of magnitude as the values reported by
Ottino (1989) for typical two-dimensional flows.

8. DISCUSSION AND CONCLUSIONS

Two different methods for quantifying the fluid
mechanical mixing rate using Lagrangian modelling
techniques have been developed. These techniques are
based on the local stretch rate of fluid lines or interfaces. The use of the stretch rate of fluid interfaces to
characterise fluid mixing rate is physically realistic:
stretching of fluid interfaces will lead to reduction of
the scale of segregation and thus is a direct measure of
fluid mixing [e.g. Middleton et al. (1980)]. The two
techniques described were found to be essentially two
different approaches for calculating the same parameter. The particle separation approach is the simpler
of the two techniques and gave sufficient accuracy for
most of the flows studied in this paper. The line
element technique was shown to be more accurate
than the particle separation approach and is likely to
be very robust. For flow conditions with higher
stretch rates and as a general approach the line element technique may therefore be appropriate.
A new technique for depicting the mixing structure
of the flow has been presented: the local stretch rate
map. The distribution of time-averaged stretch rate
received by an element of fluid has been plotted using
colour-coded maps. This map can be obtained either
by observing the separation rate of initially close
particles, or by directly modelling the motion of an
array of line elements. These plots are similar to the
black and white plots used by Swanson and Ottino
(1990), but they differ in that the rate plotted at each
location is the stretch rate that an element of fluid
would receive if it were placed at this location. For the
maps used by Swanson and Ottino (1990) the stretch
rate plotted is the stretch rate of an element of fluid
which arrives at the location. The distribution of mixing may be an important consideration for many
chemical engineering processes, particularly where the
size distribution of a product is important. Examples
include crystallisation processes (Jones et al., 1987),
the polymerisation of rubber modified polystyrene
(Meizer and Malanga, 1989), and two-phase flows

where droplet break-up is important (Lewis and
Davidson, 1982; Tjahjadi and Ottino, 1991). The distribution of mixing will also effect the concentration
distribution in a reaction vessel, and this will effect
reaction rates (Komori et al., 1991).
These techniques have been used to study the mixing behaviour of both constant volumetric and oscillatory flows in baffled channels. For constant volumetric flows with Re < 100 the flow is steady and the
observed asymptotic stretch rate decays as the reciprocal of time (indicating that fluid interracial length
increases linearly with time). This is the typical behaviour for a steady two-dimensional flow (Khakar and
Ottino, 1986). The stretch rate maps show that for
these steady flows the stretch rates of line elements
initially aligned across the channel are much higher
than those initially aligned along the channel. This
difference indicates the high degree of anisotropy in
the mixing behaviour of these steady flows and the
high dispersion commonly observed for laminar
steady flows. At a R e of ~100 the flow becomes
unsteady and asymmetric and this has a dramatic
effect on the observed mixing behaviour. The asymptotic stretch rate gas is positive and increases with
Reynolds number. This observation clearly indicates
that the low Reynolds number transition will have
a dramatic effect on the engineering performance of
this geometry. The stretch rate maps show a dramatic
change from those observed for the low R e steady
flows. A complex mixing structure is apparent which
has increasing uniformity with increasing Re.
For oscillatory flows the volume-averaged stretch
rate increases rapidly at low Reynolds numbers corresponding to the increasing vortex interaction. For
Reynolds numbers above 150 the little increase in
stretch rate occurs. Observations of the stretch rate
maps show that for these asymmetric flows the stretch
rates are highest close to the walls and low in the
centre of each cell. This effect is due to the presence of
a dominating eddy in each cell and should lead to
improved transport properties as the Reynolds number increases above 150. The results show that oscillatory flow in a baffled geometry can give rapid mixing
with a high degree of uniformity even at Reynolds
numbers as low as 80. This may be particularly useful
for both high viscosity and sensitive process fluids,
such as cells in fermentation processes which may be
destroyed by high shear rates.
The techniques described in Sections 4 and 5 for
quantifying and mapping kinematic mixing rates can
be independent of the numerical parameters, are robust and easy to use. These observations are in agreement with recent observations which show that, for
the purposes of modelling of fluid mixing processes,
Lagrangian techniques (as opposed to concentration
field methods) are most suitable (Ottino, 1989). This is
in contrast to experimental methods where concentration measurements are most commonly used to study
mixing processes.
The Lagrangian approach has the advantage that it
does not require the presence of diffusional mixing. It

Simulation of stretch rates for quantitative prediction and mapping
is thus possible to separate the diffusional and fluid
mechanical mixing rates. This may be particularly
useful for scale-up purposes, as the fluid mechanical
stretch rate will scale linearly with the length scale of
the mixing device, but the diffusion length scale will
not. A mixing time in a scaled-up device could be
estimated from the asymptotic stretch rate: the scale
of segregation should decrease at a rate approximately equal to the asymptotic stretch rate, and the
mixing time can be obtained by calculating the length
of time required for the scale of segregation to decrease to the diffusional length scale. Clearly, experimental data are required for comparison with the
Lagrangian mixing models, so that the precise relationship between experimentally measured mixing
rates (mixing time) and numerically observed mixing
rates (asymptotic stretch rate) can be established.
The lack of any diffusional terms in the mixing
measure will also allow the comparison of different
flow regimes and mixing geometries. The time required for a given reduction in the scale of segregation
can be estimated from the asymptotic stretch rates
presented in Section 5. For the constant volumetric
flOWS in the unsteady regime, a reduction in the scale
of segregation of 100:1 will require a dimensionless
advection time of between 12 and 3 for 100 < Re <
400 (the mean velocity will travel a distance of t channel widths in a dimensionless advection time t). For
oscillatory flows a reduction in the scale of segregation of 100:1 would require approximately 4 oscillation cycles for Re > 100, St = 1.0, and approximately 2 cycles for Re > 100~ St = 0.341. The mixing
rate for constant volumetric flow can be compared
with that for oscillatory flow (for the same geometric
and viscosity conditions) by a direct comparison of
the dimensionless stretch rates. Such a comparison
shows that the mixing rate for constant volumetric
flow with Re = 150 will be approximately half the
mixing rate for oscillatory flow with Re = 150 and
St = 1.0. At higher Reynolds numbers the mixing rate
of constant volumetric flow increases towards the rate
for oscillatory flow with St = 1.0, and overtakes the
mixing rates for lower Strouhal number oscillatory
flows.
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NOTATION

B
e
E
Emi n

H
I

baffle height, m
mixing efficiency
energy dissipation per unit volume,
jm-3s 1
m i n i m u m energy dissipation possible for
a given stretch rate s * , j m - 3 s -1
channel width, m
dimensionless distance separating two
marker particles

lo
I,
L
Q
Re
s
s*
s'
g
sp

-spx

'~as

ga,
S
St
t
u
U
Umx
U
~J
x
x'
Y
y,
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initial dimensionless distance separating two
marker particles
dimensionless distance separating two
marker particles at time t
baffle spacing, m
volumetric flow rate, m 3 s Reynolds number ( = UH/v or UmxH/v)
dimensionless stretch rate of an infinitesimal
line element in the flow field
dimensional stretch rate of an infinitesimal
line element in the flow field, sscaled stretch rate for oscillatory flows Is" St)
dimensionless stretch rate averaged for all
line elements
dimensionless separation rate of two passive
market particles
averaged value of sp for all initially adjacent
pairs of marker particles
averaged value of Sp for all initially adjacent
pairs of marker particles which are aligned
in the x direction
asymptotic value of g
scaled value of Ta~ for oscillatory flows
i~sSt)
total stretching of a small line
Strouhal number ( = HU/f~)
dimensionless time
dimensionless velocity component in x direction
cross-sectional mean velocity, m s
peak cross-sectional mean velocity during
an oscillation cycle, m s z
velocity vector field
dimensionless velocity component in y direction
coordinate along the channel
x coordinate of a marker particle
coordinate across the channel
y coordinate of a marker particle

Greek letters
0
orientation of a line element, anticlockwise
relative to the x direction
0i
initial value of 0
1~
fluid viscosity, N s m - 2
v
fluid kinematic viscosity, m 2 st~
orientation parameter for an array of line
elements
stream function
co
vorticity
Frequency of oscillation, Hz
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