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Summary 

In this paper we describe two numerical methods by which the relaxation 
modulus and memory function of a polymer can be determined from a set of 
discrete linear viscoelastic storage and loss moduli measurements. The first 
method involves expressing the linear viscoelastic data by means of a 
rational function (with certain constraints) and then taking the Laplace 
transform of that function. The second method is the Fourier transform. We 
apply the different methods to samples of commercial grade polyethylene 
and liquid crystal polymers and conclude that the Fourier transform route 
appears to perform best, although the Laplace transform method is adequate 
for highly polydisperse materials of modest molecular weight. The form of 
the relaxation modulus and memory functions obtained by these two routes 
is compared with those obtained from other rheological tests on the materi- 
als and the results discussed in terms of application to integral constitutive 
equations. 

1. Introduction 

The objective of this paper is to develop a sound numerical procedure for 
obtaining a relaxation modulus or memory function from a discrete set of 
small strain oscillatory linear viscoelastic measurements. Motivation for the 
work comes from two growing areas of polymer rheology. Firstly, the 
integral formulation of polymer constitutive equations now appears to be 
generally favoured in the literature and in particular factored constitutive 
equations are popular. In constitutive equations of this form an essential 
part of the rheological description of the polymer comes from a knowledge 
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of the polymer’s memory function or equivalent relaxation modulus. Sec- 
ondly, the development over the last decade of high precision automated 
dynamic spectrometers has enabled reliable data to be obtained on the 
storage (G’) and loss (G”) modulus of the material. These oscillatory linear 
Ccoelastic measurements, can in general be obtained without serious ex- 
perimental ambiguity and in our view form an excellent basis for the 
characterization and subsequent determination of polymer memory func- 
tion. 

In the past there has been a preference in the literature to describe the 
linear viscoelastic (LVE) data by means of a continuous relaxation spectrum 
H(X) as described in Ferry [l], where the relaxation modulus G(s) is 
defined in terms of H(A) by 

G(s) = /+mH(X) exp(-s/X) d In X. 
--oo 

(1) 

The independent variables s and X in eqn. (1) are the time lapse (s = t - t ‘; 
t and t ’ are present and past times), and the relaxation times respectively. 
There are a number of semi analytic methods by which H(A) can be 
obtained from oscillatory linear viscoelastic data and these are also de- 
scribed in Ferry [l]. The presentation of data in terms of H(X) is in many 
ways unfortunate as a further numerical integration is required before the 
relaxation modulus G(s) can be obtained; in addition the accuracy of the 
semi analytical algorithms are weak in relation to the numerical schemes 
that will be described in this paper. 

One route that has been advocated by amongst others (Laun, Bird et al., 
Aldhouse et al., Mead [2-51) is to consider that G(s) is composed of discrete 
Maxwell elements, then 

G(s) = i G, exp(-s/A,), (2) 
i=l 

where Gi is the elastic modulus for each element having a time constant 
Xi. We shall see that this method falls into the broader class of Laplace 
transforms for obtaining the relaxation modulus directly from LVE data. 
We will also explore the use of Fourier transforms as a method of obtaining 
relaxation modulus from the LVE data. The direct use of Fourier transform 
has been mentioned by a number of workers (Ferry, Shwarzl and Struik, 
Gross [1,6,7]), but does not yet appear to have been developed to its full 
potential. Although the two transforms mathematically should give identical 
results, we show that this need not be the case in the processing LVE data 
due to certain restrictions on both the data and the method. 

We will examine a variety of polymers, and determine the most ap- 
propriate scheme for each of these polymers. Finally, we will also compare 



121 

the relaxation modulus calculated from the oscillatory measurements with 
other so called ‘direct’ measurements such as data from stress relaxation 
after a sudden shearing displacement (or step-strain stress relaxation) and 
stress relaxation after cessation of steady shearing flow (or steady shear 
stress relaxation). 

2. Relaxation modulus and memory function 

In this section the role of the relaxation modulus and memory function in 
an integral constitutive equation will be discussed. The description is for 
simple shear flows, and hence all the quantities, i.e., moduli, stress, strain, 
strain rate etc., are all referred to this shear flow. Analogous results could be 
derived for other types of flow. 

The general form of an integral constitutive equation for the total stress T 

at time t in a fluid is: 

T(t) = -aI+ 7(t), (3) 

where -aI is the isotropic component of the total stress tensor, generally 
regarded as pressure, and 7(t) is the deviatoric extra stress tensor, corre- 
sponding to time t given by 

7(t) = it - M(t - t’)Q(E(t, t’)) dt’. 
J-CO 

In eqn. (4) M( t - t ‘) is the memory function of the polymeric material and 
Q(E( t, t’)) is a measure of deformation, which is a function of the deforma- 
tion gradient tensor E( t, t’). The above representation of the total stress for 
polymeric material assumes no coupling effects resulting from deformations 
at different times and the separation of time and strain effects, i.e., the 
Integral Constitutive equation is assumed to be factorable. When eqn. (4) 
becomes a constitutive equation for a general Linear viscoelastic (LVE) 
fluid, for vanishingly small levels of stresses it can be written as 

T(t) = Jt 
--oo 

-M(t-t’)y(t, t’)dt’=]’ G(t-t’)+(t’)dt’, 
-* 

(5) 

where the LVE fluid memory function M( t - t’) = M(s) = - dG(s)/ds; 
G( t - t’) = G(s) defined earlier as linear relaxation modulus (or relaxation 
function), and p( t, t’) is the strain tensor normally associated with infinites- 
imal strain given by 

y(t, t’) = ($(t”) dt”, 
Jl 

wherein the integrand y( t”) is the rate of strain tensor. 
From the above, it could be concluded that the definition of memory 

function as the derivative of relaxation modulus is strictly valid only in LVE 
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conditions. This relation between relaxation modulus and memory function 
(for small deformations) has also been confirmed from the recent Molecular 
theories for monodisperse polymers (Doi and Edwards, Curtiss and Bird 
[8,9]), which are not restricted to small strains. In addition, it has been 
shown by Mead, and Marrucci [5,10] that, the Memory function obtained 
from a number of general integral constitutive equations, for the limiting 
case of small strains, is equivalent to that obtained from eqn. (5) with the 
possible exception of a constant factor. This observation is of significance in 
that it means that the memory function we obtain from the LVE fluid 
constitutive equation can be equally used to predict behaviour at large 
strains. For example, a knowledge of the memory function can be used to 
predict stress fields for the flow of molten polymers into dies of complex 
geometry (Aldhouse et al., Mead [4,5]). This approach also allows us to test 
the validity of a constitutive equation. Hence the determination of the 
relaxation modulus from raw experimental data is one of the crucial steps in 
describing polymer rheology and processing. 

In our opinion small amplitude oscillatory motion data is probably the 
most reliable way of characterizing a polymer’s relaxation modulus, as these 
experiments are capable of accounting for very small and very large relaxa- 
tion mechanisms. Hence the relaxation modulus obtained from this experi- 
mental measurement, is mainly discussed below. In the case of small 
amplitude oscillatory motion the strain tensor y( t, t’) and the correspond- 
ing extra stress tensor r(t) are given by 

y(t, t’) = ~(0, t’) * y( t’) = y. exp(iwt’) 

=. v(t) = y. expbt), 
(7) 

r(t)=roexp{i(wt+6)}. (8) 

In the above equations, 7. and y. are the maximum amplitude of the shear 
stress and shear strain respectively; w is the angular frequency in rad/s and 
S is the phase angle lag between stress and strain. Now define a complex 
modulus as 

G*(w) = G’(o) +iG”(w) =~(t)/y(t). (9 

Substituting eqns. (7) and (8), for the extra stress tensor and rate of strain 
tensor, in LVE fluid constitutive eqn. (5) and using the above definition of 
complex modulus (eqn. (9)) gives 

G*(w) = (~,/y,) exp(iS) = i,iWG(s) exp(-ios) ds, (10) 

where ( ro/yo) is the amplitude of the complex modulus. 
Equation (10) is the starting point for obtaining the relaxation modulus 

using the complex modulus data obtained from small amplitude oscillatory 
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motion experiments. These experiments however, do not provide an analyti- 
cal expression, but give a set of discrete experimental data, which extend 
over a limited interval of frequencies. The integral inversion formula of eqn. 
(10) does not lend itself easily to numerical methods especially if G*(w) 
cannot be accurately represented by a mathematical function. Equation (10) 
could be treated either as a Laplace transform, or as a one-sided complex 
Fourier integral transform. Hence the standard methods for inversion of 
these transforms could be used. However, the difficulties associated with a 
discrete set of complex moduli data must also be faced. In this paper, we 
describe two well established methods of numerical inversion, and compare 
the relaxation modulus obtained from these methods with that obtained 
from direct experimental methods which are step-strain stress relaxation, 
and steady shear stress relaxation. Briefly, the two numerical methods that 
will be discussed are: 
(a) Laplace Transform Inversion: In this method the complex moduli data is 
fitted to a rational function, and as a rational function can be written as a 
sum of partial fractions, these individual fractions are inverted term by term 
as in the case of a normal Laplace transform inversion problem. We shall 
show that this problem reduces to the ‘discrete relaxation spectrum method’ 
described by Laun [2]. 
(b) Fourier Transform Inversion: The equation (10) is a one sided complex 
Fourier integral transform, and hence can be approximated by a discrete 
Fourier transform, and the Fast Fourier Transform algorithm (FFT) can for 
example be used to determine G(s). 

3. The Laplace Transform Inversion discrete spectrum relaxation modulus 

3.1 Brief details of the algorithm 

Inversion of the integral equation (10) gives the relaxation modulus. As 
the complex modulus data are obtained experimentally in a discrete set of 
data values for each frequency o, the inversion of the integral reduces to 
inversion of the function described by these discrete data. An elegant 
method of representing such discrete data is by means of rational functions 
(Longman, Doetsch, Luke [12--141). A rational function is a ratio of poly- 
nomials, which can be defined ,in power-series form. In the case of eqn. (10) 
when writing the complex moduli in terms of rational function we obtain 

G*(-ip) = 
P 

P(P) 
R(P) 

= kooG( s) exp( -ps) ds, 

where p = io and P(p) and R(p) are polynomials of complex arguments 
of degree assumed to be n - 1, and n respectively. 
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Rewriting the rational function in terms of partial fractions, equation 

(II), b ecomes 

G*(-ip) ’ 
= ,gl p +“i,B, = f%d exd-ps) ds, 

P 
(12) 

J 0 

where uj is known as the residuum and is given by P(l/Pj)/R’(l/Pj); R’ 
corresponds to derivative of R polynomial with respect to p; - l/pi are the 
zeros of the polynomial R(p), which are also the poles of the rational 
function. Both of these parameters could in general be complex values. With 
the above approximation (or representation of the complex modulus data) 
solution to the problem (i.e., the integral equation (12)) is straightforward, 
and yields 

G(S) = t LJ~ exp( -s/B,). 
j=l 

(13) 

In principle uj and Pi could be complex values and unconstrained and in 
this case the relaxation modulus calculated from eqn. (13) (using the best fit 
values of uj and pi) may not be a monotonically decreasing function. In 
order to ensure that the relaxation modulus is a monotonically decreasing 
function, uj and pi will have to be real and the following constraint is also 
necessary, 

Re(uj, pi) > 0. (14) 

It can be shown that discrete spectrum method using Maxwell elements 
amounts to the formulation of the problem by this method. By assuming 
discrete spectrum, of amplitude Gj and time constants hi the complex 
modulus can be obtained by substituting eqn. (1) into eqn. (10) resulting in 

n GjiwXi 
G*(o)= c 

n G,pX, 

j=l 1 + iwXj 
; or, with p = iw, G(-ip) = c 

j=i 1 +phje 

Comparing above eqn. (15) with eqn. (12) shows that the moduli 
equivalent to the constant vj and the inverse of time constants Xj 
poles of the rational function - l/pj. 

Gi are 
are the 

From the above discussion it could be concluded that the discrete 
Maxwell elements falls within the description of representing the data by 
means of a rational function, the latter has been shown by others [2-41 to be 
a way of representating the data and also the algorithm falls within the 
general description of inverting the integral by the Laplace transform 
method. 

(15) 



3.2 Numerical details of Laplace transform including error analysis 

We fit the discrete complex moduli data to the function given by eqn. 
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(12). In eqn. (12), we denote the left side of the first equality sign by FkExpt. 
and the centre term by 4-, where k’s denote the different frequencies on 
the imaginary axis and j’s denote the number of partial fractions. Now if a 
least squares fit is chosen then the norm of the residuals to be minimized can 
be written as 

$ c [ g$ +dn..Pk) - FkEkpt. 
1 
2 ; mr2n. (16) 

kk 1 J--1 

The above system of equations are highly non-linear. The minimization 
problem involves finding the best fit values of uj and Fj, and hence, this is 
basically a non-linear, partially constrained optimization with respect to 
these values. Although this should be a straightforward problem the relative 
errors of fit could be very high. This is due to the wide range of spread of 
values of function G* ( - ip)/p_ To overcome this problem instead of 
optimizing the above function, we choose to optimize the exponential of the 
relative error function which can be written as 

The relative error function is exponential for improved representation of 
small error increments. In eqns. (16) and (17), the function, inside the 
brackets is a function of the complex arguments ( p = iw), and minimizing 
the square of this function corresponds to minimizing the square of real and 
imaginary parts. The method used is the quasi-Newton algorithm, available 
in the standard NAG library. 

The system of equations given by eqn. (16) or eqn. (17) is first solved with 
the pi values specified. The case wherein pi’s are specified will be referred to 
as ‘the constrained case’, whilst where they are unspecified as ‘partially 
constrained’. In the constrained case, we (arbitrarily) choose a range of 
values for pj and then determine the best fit values of uj. As the complex 
moduli and the relaxation moduli values spread over several decades, pi’s 
are chosen to be logarithmically equally spaced values. The number of pj 
values and their range is variable and in our work we have used 14 values 
logarithmically equally spaced between the range of lop4 to 102.5. Further 
for the constrained case, the norm used for minimization is the maximum 
length of the residual vector which is the square root of eqn. (16). When 
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appropriate values of uj have been obtained for the constrained case, the 
relaxation modulus can be obtained directly from eqn. (13). In the ‘partially 
constrained’ case, the number of pi constants are specified, but their 
magnitude unspecified and the norm of residuals minimized is as defined in 
eqn. (17). The converged solution from the constrained optimization case is 
used as a starting point in the solution of equations for the partially 
constrained optimization. The two methods are found to yield slightly 
different solutions as the number of degrees of freedom are halved in the 
constrained case as compared to the partially constrained one. 

To calculate the memory function, a simple differentiation of eqn. (13) is 
carried out giving 

Jqs) = - !qp = i ujPj eXP( -S/L-$). 
j=l 

08) 

Careful examination of eqn. (18) shows that it gives unrealistic answers 
when uj and pj values become very small or very large. This problem is 
sometimes faced in the ‘partially constrained’ case. This is handled by one 
of the following approaches: 

(i) by dropping the relevant partial fraction terms. However, a check is to 
be made on the remaining function to ensure that there is no loss of fit to 
the original data or, (ii) by resuming the calculations from different set of 
initial uj and pj values or, (iii) by letting the normalized uj and pi values 
vary within certain bounds, which is generally of order of 10 * 6. 

The procedure (iii) is adopted in the present work, which was earlier used 
by Papanastasiou et al. [15]. However, unlike the present work, Papanas- 
tasiou et al. apply the non-linear regression analysis for the function 
{ G(s) - C,l,,u,~, exp( -s/a,)} and thus obtain the values of uj and pi_ 
Finally, analogous to the relative error defined by Papanastasiou et al., we 
calculate the relative error which is basically the exponent part of eqn. (17). 
This error is calculated for both the ‘constrained’ and ‘partially constrained 
cases and is discussed in Section 6. 

4. Fourier transform method 

4.1 Brief details of the algorithm (analytic details) 

The procedure for inverting a one-sided Fourier integral transform can 
easily be applied to the real and imaginary parts of the complex modulus 
resulting in the following equation for the relaxation modulus 

(19) 
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We choose to take an arithmetic average of these two equations to give us 
the value of the relaxation modulus. It can be shown that this is the same as 
assuming the value of the relaxation modulus to be zero for time s < 0, and 
rewriting eqn. (10) starting from s = - 00 as 

G*(w) = ioJtmG(s) exp( -iws) ds. (20) 
-CC 

The inverse Fourier integral transform of above eqn. (20) is then directly 
given by 

G(s) = &/_a-q exp(iws) dw. (21) 

The real part of eqn. (21) is simply the arithmetic average of the two forms 
of G(s) expression in eqn. (19); provided, the function G”/w is even and 
G’/o is odd with respect to w. In fact, in the original derivation of Fourier 
sine and cosine transforms in eqn. (19), this assumption is made implicitly. 
Further, if G”/w is even and G’/w is odd, then the imaginary part of eqn. 
(21) vanishes and eqn. (21) may be equivalently be written as 

G(s) = ilOm(l/w)(G” cos OS + G’ sin ws) dw. (22) 

We use eqn. (22) instead of two separate forms given by eqn. (19) as eqn. 
(22) uses information on both the real and imaginary parts of the complex 
modulus (thereby defining the function completely), and hence it is equally 
applicable for highly viscous (lossy) or highly elastic materials. 

4.2 Numerical details (discretization) of Fourier transform including error 
analysis 

The conventional method of solving a Fourier integral transform or 
continuous Fourier transform (CFT), such as given by eqn. (22) is by means 
of discrete Fourier transform (DFT), especially when the data are available 
only at discrete sampling points. DFT is only an approximation to CFT in 
eqn. (22), when the value of the function G*( w)/iw is negligible outside 
some region (O-w,, ). Dividing this region into N equal parts, the dis- 
cretized form of eqn. (22) is 

N-l 

G(s) = 2 c qExpt. exp(i2qSJ’W,,/N), 
J=o 

N-l 

G, = 3 & <apt. exp(i2rjk/N), 
J=o 

(23) 

where s=k/w,_ for k=O, 1, 2 ,..., N-2, N-l, and FjEXPt.= 
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G*(WjEkpt. )/(iojExpt,). Hence the DFT gives an approximation to CFT of 
eqn. (22) in the region s = 0 to s = N/w,,. The solution of eqn. (24) 
requires the value of the function G * (o)/iw at equally spaced points on the 
w axis. As the output from the rheometer gives the value of function only at 
logarithmically equally spaced points, a suitable interpolation method is 
necessary. In our method, we have used Chebyshev polynomials of suffi- 
ciently high degree (approximately 15) such that the data is well represented. 
It is found that the data fit best when log o is taken as the argument of the 
Chebyshev polynomial and fitted to function log[G*( o)/iw]. For this type 
of fit the average relative error is found to be less than 0.01% for a least 
squares norm. Once the interpolation is carried out, we could use the 
standard DFT routines available in the NAG library, which generally use a 
fast Fourier transform algorithm of Cooley and Tukey as explained in 
Brigham [16]. 

The above algorithm can be affected by the finite frequency range over 
which the complex modulus values are available and the value of the 
function G * (o)/iw at zero frequency. These can be handled as follows. 

To obtain the value of G*( w)/iw at zero frequency, we consider the 
value G*(w)/iw as w tends to zero. This is Lim,,,[G*(w)/iw] =‘r), which 
is the zero shear viscosity. This value of zero shear viscosity is determined 
from steady shear experiments (generally used for evaluating the steady 
shear viscosity) and is used as the value of the function G”/w at zero 
frequency. This introduces a finite value for the relaxation modulus at 
s = + cc i.e., the model becomes a viscoelastic solid. For the materials we 
have tested, this approach gives consistent results with the direct measure- 
ments. It may also be noted that the value of G’/w at zero frequency is 
immaterial as this term gets multiplied by sin( OS) at w = 0. 

As regards the finite range of values available for the frequency spectrum, 
we need to analyse only the high frequency end, as the value of the function 
G * ( o)/iw is considered even at zero frequency from above analysis. Hence 
for the high frequency region, we perform an asymptotic approximation for 
the function G*( w)/iw above a certain upper frequency say w,. If the real 
and imaginary parts of the complex modulus is expanded as C’mkl and 
C”uk2 at w = wmax, then analytical integration may be carried out (valid for 
only finite time, S) giving an extra correction factor for G(S) defined as 

G(s) Extra and given by 

Gbhxtra = & G c’ 00 

sin ws - - 
w w 

i-_ki cos as 
%ax 

C(k1 - 1) 
sin ws - 

2-kl (2% w 
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In eqn. (25) we call the term in the first parentheses as the correction term 
and the term in the second parentheses as the error term. Note that the error 
term grows smaller in magnitude upon repeating integrations, due to the 
multiplication factor of l/o. The effect of these terms are separately 
discussed in Section 6. 

5. Experimental details 

5.1 Materials 

Four different polydisperse polymers were studied. These included a 
commercial grade high density polyethylene (HDPE) which had a broad 
molecular weight distribution; commercial grade polystyrene (PS), with a 
narrower molecular weight distribution; ultra high molecular weight poly- 
ethylene (UHMWPE) and finally a development grade thermotropic liquid 
crystal polymer (LCP). Details of each material are given in Table 1. 

5.2 Experimental measurements 

All the rheological measurements were carried out on a Rheometrics 
Dynamic Spectrometer (RDS-II of Rheometrics, Inc.). The geometry used 
was a 25-mm diameter cone-and-plate (cone angle is 0.1 rad) or a parallel 
plate geometry. In the case of parallel plate geometry, the gap spacing was 
about 1.6 mm for all the experiments. The parallel plate geometry is useful 
as the results appear not to be sensitive to errors in the gap setting compared 
to the cone-and-plate geometry. However, the parallel plate geometry is not 
used whenever the inhomogeneity of strain in the geometry is found to affect 
the results as in the case of step-strain stress relaxation measurements. The 
details as to when the inhomogeneity of strain effect will have to be 
considered is given by Soskey and Winter [17]. Soskey and Winter have 
found that this effect is significant when the strains in the step-strain stress 
relaxation measurements are above 0.7 for polystyrene and 0.8 for HDPE 
although this result will of course depend on the particular molecular weight 
distribution of the polymer concerned. As we normally operate at strains of 
the order of 0.05, and also ensure that it is in the LVE region, in most cases 
the results from parallel plate geometry were assumed to be sufficient. In the 
case of a LCP it was found necessary to use a parallel plate geometry as it 
was difficult to confine the material in the cone-and-plate geometry. All the 
measurements were made in the presence of air and the temperatures at 
which these were conducted are also given in Table 1. The experiments were 
repeated several times with different samples of the same material to ensure 
consistency of results. A brief explanation of the three experiments i.e., the 
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small amplitude oscillatory measurements, the step-strain stress relaxation 
measurements and the steady shear stress relaxation measurements is given 
below. 

5.2. I Small amplitude oscillatory flow 
In the case of small amplitude oscillatory shear experiments, the response 

of a sample to a sinusoidal input of shear strain is measured. The full range 
of RSD-II instrument that we have used is 0.01 < w < 500 rad/s, with a 
maximum amplitude of +0.5 rad. The full range of the frequency is used 
whenever possible. The relevant equations have already been described in 
detail in Section 2. 

5.2.2 Step-strain stress relaxation measurements 
In a step-strain stress relaxation experiment, the molten polymer is 

subjected to a sudden strain y at time t = 0, and the stresses are measured as 
function of time. The rise time was typically of the order of 20 ms or less. 
The rise time should be kept as small as possible to avoid correction to the 
relaxation modulus [2]. Further, the strains were kept small, i.e., of the order 
of 0.05 strain units for two reasons: 

(i) to be in the LVE region and thereby obtain an LVE relaxation 
modulus and, 

(ii) whenever a parallel plate geometry is used, to avoid a correction factor 
to account for inhomogeneous strains. 

Under above conditions, the relaxation modulus is a linear relaxation 
modulus and is simply given by 

G(s) =+)/Y. (26) 

52.3. Steady shear-stress relaxation measurements 
The steady shear stress relaxation measurements are possibly more useful 

then a step-strain stress relaxation experiment as the affect of any past 
deformation history is removed. In this type of experiment, the fluid is 
subjected to a steady simple shearing flow at a shear rate y, until stresses are 
found to be steady, and then the fluid is brought suddenly to rest at time 
t = 0, and the decay of steady state stress is monitored as a function of time. 
In the work presented in this paper a steady shear rate of 0.1 s-r was 
chosen. 

If the strain rate for vanishing small deformation gradients is written as 

q(t”) = (g t-=0 

t20’ 
(27) 
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then the decay of steady state stress Gus is given by 

7=(t) =p/mG(s) ds=n-(t)?, 
2 

where n- is the stress decay coefficient [3]. 
The relaxation modulus is directly obtained by differentiating eqn. (28) as 

G(s) = - (l/y) dTSS(s)/ds. (29) 

Before discussing the results in the next section we would like to comment 
briefly on the following two points which are applicable in the analysis of 
the data from the above experiments: 

(a) Both step-strain stress relaxation and steady shear stress relaxation 
measurements have experimental limitations. In the case of step-strain stress 
relaxation, information on short time scales is unreliable because of uncer- 
tainty relating to the precision of a step-strain impulse, further, the long time 
measurements can also be subject to noise. The stress relaxation after 
cessation of steady shear flow requires that a steady shear condition can be 
achieved in the first place and this for example was not possible with 
UHMWPE and LCP. Again, the short time scale measurements are unrelia- 
ble due to uncertainties in the speed with which shearing is stopped. 

(b) In the above experiments whenever a differentiation has to be carried 
out either for obtaining the relaxation modulus as in steady shear relaxation 
measurements (eqn. 29) or in obtaining the memory function we use either, 
the Chebyshev polynomials or a sum of decaying exponentials whichever 
gives least residuals (best fit), and also realistic values. In most cases 
Chebyshev polynomials are used and the differentiation of these polynomi- 
als can easily be carried out once the original function can be closely 
approximated by an appropriate order polynomials. The standard recursion 
formula for differentiation of the Chebyshev polynomials given in Abramo- 
vitz and Stegun [18] is used. It may also be noted that, as the time, 
frequency, moduli etc., are varying over a wide range (in decades) of values, 
it is generally found that a simple logarithmic transformation of these 
quantities yields a better fit to the polynomial approximation. 

6. Results and discussion 

In this section, we present results for each of the polymers examined 
where the format of data presentation is the same for each material. For 
each material we show the discrete experimental data points for both G’ and 
G” plotted as a function of frequency w. We also show the recomputed 
values of G’ and G” evaluated from the form of G(s) that we have 
determined from the data. Both the relaxation modulus G(s) and memory 
function M(s) are also plotted. 
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6. I High density polyethylene (HDPE) 

Figure 1 shows various plots for HDPE. The first three plots i.e., Figs. 
l(a), l(b) and l(c) shows the real and imaginary parts (i.e., the storage and 
loss moduli) of the complex moduli as obtained from experimental measure- 
ments and subsequently recalculated by the three numerical methods i.e., 
constrained optimization-l(a), partially constrained optimization-l(b), 
and Fourier transform method-l(c). Figure l(d) is a plot of the relative 
error as calculated by the following formula 

ERROR = (ER’* + ER/~*)~/*, (30) 

where ER’ and ER” are the relative errors in storage and loss moduli. In 
the case of Fourier transform method, these errors correspond to interpola- 
tion errors of the Chebyshev polynomial approximation. The only other 
numerical error that is involved in the Fourier algorithm is the rounding off 
error in forward-inverse transform which is negligible. 

The HDPE polymer that was used in this study had a broad molecular 
weight distribution, and this leads to a G’ and G” trace with a smoothly 
changing curvature over the frequency range tested. Under these circum- 
stances the constrained, partially constrained optimization and the Fourier 
transform method all have little difficulty in representing the data as 
reflected in the relative error plot l(d). 

Figure l(e) is a comparative plot of the relaxation modulus calculated by 
various methods together with the direct measurements. The general agree- 
ment seems to be good. It can be seen that the Fourier transform predicts 
stresses that are slightly higher in value at short times and long times. The 
short time step-strain stress relaxation values for the relaxation modulus at 
least in principle, will have to be higher than actually recorded. This is due 
to the finite rise time of the machine needed to input a step impulse to the 
material during which time the material would have had time to relax from 
its highly deformed state. The steady-shear stress relaxation measurements 
show much higher deviations especially in the values of the relaxation 
modulus at longer times i.e., the experimental steady shear relaxation data 
points fall below the relaxation modulus curves obtained from the G’ and 
G” data. Lower stresses (which could influence the slope of the stress decay) 
have been reported for steady shear stress relaxation results in the literature 
1191. 

Figure l(f) shows the memory function plot which is derivative of the plot 
in l(e). The values appear to be more consistent than the relaxation modulus 
plot although the curve generated from steady shear stress relaxation data 
appears unreliable probably due to the error involved in obtaining stress 
continuity up to the second differential. From these results we conclude that 
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Fig. 1. (a-c) Dynamic Mechanical Spectra for HDPE at 180 o C. G’ (Cl)-experimental storage 
modulus, G”(a)-experimental loss modulus, (- )-calculated storage modulus, 
(- - -)-calculated loss modulus, (a), (b) and (c) refer to constrained, partially constrained 
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as per eqn. (30). (- )-Constrained optimization, (- - -)-partially constrained optimi- 
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function M(s). (- )-Constrained optimization, (- - -)-partially constrained optimi- 
zation (- - - - - -)-Fourier transform. (x)-From step-strain stress relaxation experiment and 
(*)-from steady shear stress relaxation experiment. 
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the overall agreement between the various methods is satisfactory and the 
results from Fourier transform indicate a closer fit to the step-strain stress 
relaxation data and hence the former is probably a better method for 
inverting the integral transform of eqn. (10). Further, it should also be noted 
that the introduction of a finite value for zero frequency data by means of 
zero shear viscosity appears to be valid. 

6.2 Polystyrene (PS) 

Figures 2(a-c) show the experimental and recomputed values of G’ and 
G” for the polystyrene sample tested. The polydispersity of the polystyrene 
sample was less than that of the HDPE sample and this is reflected in the 
observed curvature changes in the frequency range tested. It can be seen 
from the relative error plot shown in Fig. 2(d) that the error decreases as 
fewer constraints are applied i.e., the partially constrained optimization 
gives a better fit than the constrained optimization, and the Fourier trans- 
form performs the best. 

The relaxation modulus plot shown in Fig. 2(e) shows good consistency 
between all the data points with the exception of the long time behaviour 
where both the Fourier transform and step strain data indicate that prob- 
ably the material is behaving as a viscoelastic solid with a small but finite 
long term value for the relaxation modulus. The memory function plot given 
in Fig. 2(f) generally shows good agreement between all the methods. 

6.3 Ultra high molecular weight polyethylene (UHM WPE) 

With UHMWPE the storage modulus dominates over the loss modulus at 
all frequencies and in addition, as can be seen in Figs. 3(a-c) the G’, G” 
curves have notable curvature changes. Figure 3(e) shows that for this 
material the constrained optimization yields a significant error particularly 
at the short time scales. The partially constrained case gives a better fit and 
Fourier transform again shows least error. 

The relaxation modulus plots shown in Fig. 3 show significant differences. 
The constrained and partially constrained cases show a similar behaviour up 
to long time scales where there is significant divergence. The Fourier 
transform results fall below both the cases of Laplace transform results and 
all the three curves are above the step strain result. The flow characteristics 
of the material are such that it was not possible to carry out a stress 
relaxation after steady shear flow as the material could not sustain a steady 
shear deformation between the plates of the Rheometrics. We are not able to 
say with confidence which of the curves presented if any, are the closest to 
the material’s true G(s) behaviour. 
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Fig. 3. (a-c): Dynamic mechanical spectra for UHMWPE at 180°C. G’ @)-experimental 
storage modulus, G” @)-experimental loss modulus, ( -)-calculated storage modulus, 
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zation and (- - - - - -)-F ourier transform. (e) and (f): Relaxation modulus G(s) and memory 
function M(s). (- )-Constrained optimization, (- - -)-partially constrained optimi- 
zation (- - - - - -)-Fourier transform. (X)-From step-strain stress relaxation experiment. 
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6.4 Liquid Crystal Polymer (LCP) 

The G’, G” data for the thermotropic liquid crystal polymer are given in 
Figs. 4(a-c). In a similar way to the UHMWPE, G’ dominates over G” over 
the full frequency sweep although the absolute magnitudes of G’ and G” 
are generally lower than UHMWPE and closer to the HDPE and PS 
samples. 

The data fitting for G’ and G” follow a similar pattern to the other 
materials. The constrained case is the worst fit and gives serious discrepan- 
cies. The partially constrained case gives a better fit, but even this is a poor 
fit at short time scales. The Fourier transform is seen to perform well as 
shown by the error curves in Fig. 4(d). 

The relaxation modulus behaviour shown in Fig. 4(e) shows a wide range 
of different behaviour. The constrained and partially constrained cases agree 
except at long time scales. The Fourier transform shows similar behaviour at 
short time scales but a rapid divergence at long time scales where G(s) 
rapidly decays. The step strain results fall somewhere between the results 
from Laplace and Fourier transforms. The major difference is seen between 
these values of G(s) and the value of G(s) calculated from stress relaxation 
after cessation of steady shear flow, which are significantly lower and of a 
different time scale to the other results. A likely explanation for the big 
difference in the steady shear relaxation modulus and that obtained from the 
small strain measurements is that the material undergoes a structure and/or 
orientation change at finite strains (Graziano and Mackley, Alderman and 
Mackley, Mackley [20-221). This in turn means that G(s) becomes strain 
dependent and that factorized constitutive equations would be inappropriate 
for the description of this class of material. 

With the exception of the steady shear stress relaxation data, the memory 
function data shown in Fig. 4(f) showed a similar trend to the previous 
materials that had been examined. 

7. The effect of internal variables on the G(s) curves 

In this section we discuss the effect of internal variables in the two 
algorithms. So far as the Fourier transform is concerned, the effect of 
introducing a value for the zero shear viscosity is also examined; whilst for 
the Laplace transform algorithms, the number of partial fractions and the 
range of pi values are considered. 

7.1 The effect of zero shear viscosity on the Fourier transform method 

The need for measurement of a zero shear viscosity for use in the Fourier 
transform algorithm was discussed in Section 4.2. We have chosen the Ultra 



140 

1.0E+04 

1.0E+03 

1.0E+02 

l.BE+OI 

1. OE-I $2 

I I I I 

I 
I I I 

1.0E-01 1.0E+00 l.BE+Bl 1 .0E+02 1.0E- 

Time (s) 

Fig. 5. Relaxation modulus for UHMWPE showing effect of correction term (eqn. 25) and 
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before adding correction term. (o)-The value of relaxation modulus after adding correction 
term and a five fold increase in the value of zero shear viscosity as determined by steady 
shear rate experiments. 

high molecular weight polyethylene to show the effect of variations in the 
value of zero shear viscosity and the effect of the correction term as given by 
eqn. (25). This is because UHMWPE has a very high zero shear viscosity 
value and also the frequency spectrum does not reach a satisfactory constant 
value for large w and thereby represents the polymer which is most likely to 
be affected by these variations. Figure 5 shows the relaxation modulus when 
a five fold increase in the zero shear viscosity is used as the value of G”/w 
at w = 0. Also shown is the effect of correction term on the relaxation 
modulus values. From the plots it is quite clear that neither of these 
assumptions significantly effect the relaxation modulus values. 

7.2 Effect of the number of sampling points on the Fourier transform method 

When an FFT algorithm is used for solving a DFT, it is well known that 
the number of sampling points N should have small prime factors or powers 
of small prime factors. This is because these small groups could easily be 
used as subtransformations, from which the complete transform can be 
built. The larger the largest prime factor of N is, the slower the FFT works 
resulting in heavy consumption of computational resources. In our experi- 
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mental data we have the values of G’/w and G”/w spread over about four 
to five decades on a logarithmic scale. For DFT as we need linearly spaced 
values, an interpolation scheme using Chebyshev polynomials is used. For 
completely representing the low frequency data obtained from experiments, 
the first value of N to be used should be the lowest reliable frequency 
response. For example in the case of an LCP material, the data are from 0.1 
rad/s to 500 rad/s, and the total number of sampling (in our case inter- 
polating) points used are N = 5000 = 54 x 23, which covers the frequency 
range of 0.1-500 rad/s. Even with this large amount of computation, it is 
found that the CPU time on a IBM 3084 is of the order of 20 s, which 
includes interpolation and also finding the Memory function. Slight varia- 
tions in N clearly are going to make little difference to the result, especially 
because the values of G’/o and G”/w tend to decrease as l/w at frequen- 
cies of the order of 100-200 rad/s. However, the extent of difference 
obviously depends upon how much of information is inadequately repre- 
sented and at which end of the spectrum i.e., low frequency or high 
frequency end. Hence in our analysis, we have chosen the maximum values 
of N possible, so as not to loose the information of the frequency response 
of the material. For all the polymers we analysed it is found that reducing N 
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by a factor of 2 did not make any significant difference in the relaxation 
modulus results. This is probably because for most polymers, the very low 
and very high frequency response can often be described by asymptotic 
approximations. In fact on the low frequency end of the spectrum, as we 
have used the zero shear viscosity as the value of G”/w at o = 0, we have 
implicitly assumed an asymptotic approximation. For the high end of the 
spectrum, upto moderately high values of frequencies, both G’/w and G”/w 
vary roughly as constant C and l/w respectively. This variation in the high 
frequency end can be clearly noticed in eqn. (15) and is accounted for in the 
correction factor in eqn. (25). 

An alternative to using the large value of N to minimize storage and 
computation requirements is to use the method of Arridge [23]. In using 
their method we could replace a single FFT on the whole frequency domain 
by several FFTs taken over frequency intervals which are very short at the 
start and are increased in a uniform way, in some multiples of frequency. 
The separate FFTs are then combined to obtain the final transform [23,24]. 

7.2 The effect of the number of partial fractions and range of pj values used in 
Laplace transform 

This is carried out for the constrained case of Laplace transform for 
Liquid crystal polymer which represents the most likely case where the 
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variations would show significant changes. Figures 6 and 7 show the error 
and the relaxation modulus plot when the number of partial fractions is 
doubled (14 fractions to 28), and also the range of pi is changed from 
10-4-102.5 to 10f6. F rom these plots it is clear that these variations do not 
affect the errors significantly, except at the very large time scales. 

8. Conclusions 

Results reported in this paper suggest that the Fourier transform method 
for obtaining the relaxation modulus and memory function of a polymer 
from G’, G” data is generally preferable to the Laplace transform route. 
The Laplace transform method, however, has shown to be comparably 
accurate in the case of highly polydisperse polyethylenes where the G’, and 
G” values as a function of frequency are smooth over the frequency range 
tested. We have shown that the G(s) and M(s) curves that have been 
generated show reasonable consistency with those generated from step strain 
measurements, but in certain circumstances the form of G(S) obtained from 
steady shear stress relaxation did not agree well. Agreement with M(s) data 
was generally much easier to obtain than the related G(s) curves. 

We are not able to say with confidence which particular G(s) or M(s) 
curve is closest to the material’s genuine behaviour and at present we feel 
that the present range of values for G(S) and M(s) that we have plotted 
reflect reasonably the level of uncertainty that should be expected in these 
two material functions. This point is important in two particular aspects, 
namely when experimental data is compared with the predictions of particu- 
lar constitutive equation models and also when large strain viscoelastic 
behaviour is being examined. If for example factored constitutive equations 
of the form given in eqn. (4) are being considered, the resulting stress will 
depend on the form and magnitude of both the memory function and the 
non-linear strain measure. Our results suggest that an uncertainty must be 
anticipated in experimentally generated values of M(s) and G(S). 

Concerning individual materials we found that the normal molecular 
weight polyethylene sample and polystyrene sample appeared to be well 
behaved in that there was acceptable consistency between all the G(S) and 
M(s) curves obtained. The ultra high molecular weight polyethylene and 
liquid crystal polymer showed interesting behaviour. In both cases the G’ 
dominated over the G” value at all frequencies tested and in fact the curves 
looked surprisingly similar for materials with such different molecular 
structure. The steady shear stress relaxation behaviour was however quite 
different. UHMWPE is essentially intractable in a cone-and-plate geometry 
for steady shear stress relaxation measurements except at the lowest of shear 
rates and consequently we were unable to compare our relaxation modulus 
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obtained from small strain measurements with the former technique. In 
terms of the liquid crystal polymer material we detected a major difference 
in the G(s) value obtained from the steady shear stress relaxation results 
and other methods, and this class of material would not be expected to obey 
a factored constitutive equation. 

In general we have found that as the number of constraints on the 
transforms has been reduced, the accuracy of our results has improved. The 
Fourier transform method offers a clear advantage in accuracy, although the 
Laplace transform routes in many cases appear to give adequate accuracy. 
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