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A B S T R A C T

Residence time distributions (RTDs) for a thermoplastic microreactor system were experimentally measured using fibre optic probes and step change concentration inputs. The distributions were then compared
to models assuming plug flow superimposed by axial dispersion. The disc-shaped plastic microreactors
contained microcapillary arrays of up to 19 parallel channels with diameters around 230 m and lengths
of 10 m. Two different systems were investigated, with either 1 or 19 active capillaries. The magnitude of
axial dispersion in those two systems was characterised using Peclet numbers, which were in the range
of 15–221 depending on flow rate, demonstrating that molecular dispersion along a single 10 m capillary
can provide near plug flow characteristics. The multiple-capillary array showed small perturbations of
this plug flow like RTD behaviour as the 19 microcapillaries displayed slight variations in diameter. These
results confirm that the flow inside the presented plastic multiple capillary device provides a near plug
flow behaviour for the use in continuous microreactors.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction
Microreactor technology is a relatively new concept in chemical
engineering and is leading to the introduction of new reaction procedures in process chemistry, molecular biology and pharmaceutical
research. Microfluidic processing methodology has several advantages over conventional approaches, which have been demonstrated
impressively in many scientific publications (see, for example, Löwe
and Ehrfeld, 1999; de Mello and Wootton, 2002; Wörz et al., 2001;
Fletcher et al., 2002). Driven by the desire to achieve the highest
possible, yet practical, degree of miniaturisation, there is continuous innovation and development in the design of new devices. Advantages associated with downsizing include decreased reagent and
processing costs due to the small hold-up of the system (DeWitt,
1999) together with a reduced footprint and improved safety factors.
In any continuous flow process where chemical reactions occur,
the residence time characteristics of the reactor can be of significant
importance and reveal useful information. In general, a near plug
flow response is most favourable, although in reality rarely achieved.
Perfect plug flow characteristics imply that each fluid element passing through the reactor has the same residence and therefore also
the reaction time, which means that the entire reaction mixture is
processed under identical conditions. An RTD that strongly deviates
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from plug flow, resulting in a spread of the reaction mixture slug as it
is passed through the reactor, can lead to a reduced conversion rate
or selectivity. For the study of fluid flow characteristics in continuous flow chemical reactors, two general ideal flow patterns can be
used as comparisons: plug flow and perfect mixing (see, for example,
Levenspiel, 1999). Plug flow is an ideal case describing flow through a
tube, pipe or duct, with the fluid moving as a plug at a defined velocity. A tubular reactor which shows such flow characteristics is called
a plug flow reactor (PFR). The other extreme is called perfect mixing
or mixed flow; a system which is uniformly mixed and therefore has
the same composition everywhere within the reactor including the
exit. The reactor model which exhibits perfect mixing characteristics
is called a continuous stirred tank reactor (CSTR). In reality, the residence time distribution (RTD) of any given continuous flow device
lies somewhere between the PFR and the CSTR (see, for example,
Levenspiel, 1999). Laminar flow in tubular systems usually leads to
considerable dispersion because of the viscous velocity profile that
develops across the tube; however, in slowly flowing systems with
small channel diameters, molecular diffusion effects occur. These effects, first described by Taylor in 1953, have a beneficial influence on
the RTD, as they reduce any spread of soluble matter due to the axial dispersion caused by viscous laminar flow. This so-called Taylor
dispersion is common for many microfluidic systems.
The small diameters of many microreactors ensure that molecular diffusion has a beneficial effect on the RTD, as it results in a narrower distribution than expected from the parabolic velocity profile
associated with laminar flow. Similar observations have been made
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by a series of research groups investigating the RTD in microfluidic
systems. The group of Prof. Jensen at MIT has carried out experimental work on the RTD of liquid and gas–liquid flows in microchannels, using a piezoelectrically activated sample injector (Trachsel
et al., 2005; Günther et al., 2004). The tracer was monitored by fluorescence microscopy. With this experimental set-up, it was possible
to create near-perfect pulse inputs, resulting in RTD-curves which
then were fitted to an axial dispersion model. The group of Prof.
Köhler at Ilmenau has measured the RTD in a static micromixer, also
using a pulse injection method (Günther et al., 2003). The experimental data were qualitatively confirmed by a dispersion model;
however, noticeable deviations from the model were observed and
possible reasons discussed. Alongside errors introduced by gas bubbles and an imperfect inlet signal, the authors stated that the dispersion model was believed not to be the best approach for their
micromixer system. The use of a tanks-in-series model, however,
showed an even larger discrepancy from the measured values. Imperfect inlet signals are a common problem in microfluidic devices
due to the small dimensions and they were also observed within
the herein presented work. Lohse et al. (2006) have presented a
novel injection method for RTD measurements in microreactors, using optical activation. This method generates almost perfect pulse
signals. Numerical simulations to approximate the RTD in microreactors with electroosmotic flow have been carried out by Hsu and Wei
(2004).
2. Microcapillary flow discs (MFDs) and qualitative optical
observations
The multi-channel microreactors used for the RTD investigations
in this work are made from plastic films containing microcapillary arrays of continuous length, embedded within the polymer matrix. These so-called microcapillary films (MCFs) have been developed
within the Department of Chemical Engineering at the University
of Cambridge (Hallmark et al., 2005a and b). The capillaries have a
round to elliptical cross-section with diameters between 10 m and
1 mm. The MCFs used within this work had capillary diameters of
approx. 230 m, and were made from linear-low-density polyethylene (LLDPE). Fig. 1 shows a photograph of an MCF (b) and a microscope image of a cross-sectional cut through an MCF containing

19 capillaries (a). The flexible nature of the film as well as the internal
structure is illustrated in these photographs.
When coiled to form spiral structures and subsequently pressed
into solid compact discs by a heat melding process on a hot press,
MCFs can be formed into continuous flow microreactors, termed
microcapillary flow discs. The design and manufacture of MFDs and
their application in liquid phase organic synthesis were presented in
Hornung et al. (2007a). MFDs have typical reactor lengths between
5 and 40 m, which is suitable to carry out continuous flow chemical
reactions with residence times between a few minutes and several
hours. The MFD can be wound in two different configurations, illustrated in Fig. 1 (c and d), generating either a single or a double spiral.
In the first of these two arrangements the reaction mixture enters the disc radially at the circumference and exits at the centre
after passing through a single concentric spiral (see Fig. 1c). For the
double spiral disc, both in- and outlet are radially positioned (see
Fig. 1d), which means that both of them can be connected using
either epoxy or cylindrical composite MCF connectors, described
in Hornung et al. (2007a). As the double spiral MFD offers the advantage of two connectors at opposite sides of the disc, this design
was preferred for the manufacture of operable microreactors. Single
spiral discs, however, were used for flow visualisation experiments
with single and multiple plugs of tracer dye (Hornung, 2007b). In
contrast to a double spiral disc, the global flow direction of a single
spiral disc does not reverse and its progression is easily traceable,
as a dye slug progresses through the disc from its radial inlet at the
outside to the central outlet. Fig. 2 shows a series of photographic
images monitoring the flow of blue tracer dye in a single spiral MFD,
with 19 active capillaries. A dye pulse with a total volume of 1 ml was
injected into a constant methanol stream at a flow rate of 1 ml/min.
The photographs were taken at 0–7 and 10 min after injection. This
series of images shows a blue ring of tracer dye progressing through
the disc, starting at the periphery as a thin sharp band and leaving at
the centre as a much broader halo, followed by a faint tail. It should
be noted that the observation that the width of the ring increased as
it progressed towards the centre of the disc, is no indication yet for
a broadening of the dye pulse. For ideal plug flow, the radial velocity of the coloured band increases steadily towards the centre, but
its visible area remains constant—in other words, as the perimeter
of the band decreases the band width will increase, maintaining a
constant band area. To investigate whether this dye pulse has in fact

Fig. 1. (a) Microscope image of a cross-sectional cut through a microcapillary film (MCF) with 19 capillaries, (b)–(d) photographic images of an untreated MCF (b), a single
spiral microcapillary flow disc (MFD) (c) and a double spiral MFD (d).
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Fig. 2. Series of photographic images taken of a single spiral MFD with 19 capillaries, flow of blue tracer dye through disc, injection of a dye pulse: 1 ml (blue food colour
in methanol) into a continuous phase: methanol at a flow rate of 1 ml/min, pictures taken at 0–7 and 10 min after injection. (For interpretation of the reference of colour
in this figure legend, the reader is referred to the web version of this article.)

broadened, a quantitative study of residence time distributions was
carried out, using fibre optic probes for the measurement of the dye
concentration at in- and outlet of the MFD.

effect of different capillary sizes along the cross-section of an MCF
on its RTD. The following is an outline of the three step procedure
that was adopted for both systems.

3. Quantitative residence time distribution characterisation

(A) Determination of the RTD response by a double-step approach: For
both 19- and single-capillary MFDs, intensity curves of tracer
dye flows were measured using fibre optical probes. A doublestep approach was used to study the RTD response. This began
with a positive step, changing from zero to full tracer concentration. When steady state condition at full dye concentration
had been reached at the exit of the MFD, a negative step was

Two different MFD configurations were used for the experimental RTD investigations, a 19-capillary MFD with all 19 channels active
and a 19-capillary MFD with only a single active capillary, referred
to thereafter as 19- and single-capillary MFDs. The reason for a comparison between these two configurations was to investigate the

3892

C.H. Hornung, M.R. Mackley / Chemical Engineering Science 64 (2009) 3889 -- 3902

Table 1
Comparison of characteristic flow parameters of two MFDs, a 19-capillary disc
(sample no.: MFDrtd-72) and a single-capillary disc (sample no.: MFDrtd-73).

No. of capillaries
Mean cap. diameter (m)
Capillary length (m)
Vr (ml)
V̇max (ml/min)a
min (min)b
max (min)c
vm,min (mm/s)c
vm,max (mm/s)b

MFDrtd-72

MFDrtd-73

19
222.45
10
7.42
14.58
0.53
77.48
2.20
370.8

1
239.72
10
0.45
1.00
0.45
4.51
36.93
321.0

Both were designed for RTD investigations.
a

AT 20 bar pressure drop in MFD.

b

At max. flow rate.

c

At min. flow rate, determined by the limitations of the pump: 0.1 ml/min.

initiated, changing the input concentration from full to zero. The
measured light intensity was then expressed as a concentration
curve, c(t), using calibration data, which in turn led to the determination of the normalised in- and outlet responses, A() and
(), defined in Eqs. (5) and (11). These curves showed a different behaviour for the single- compared to the 19-capillary MFDs
because of the 16-fold smaller volume, thus leading to higher
net flow velocities and therefore different flow conditions (see
Table 1). This resulted in essentially different protocols for determining the RTD in the two systems.
(B) Analytical modelling of axial dispersion within MFDs: For the
19-capillary case, the inlet concentration profile is essentially a
perfect step and this means that the differential RTD, E(t), and
the cumulative RTD, F(t), can be obtained directly from the outlet response. In addition, an axial dispersion coefficient can be
determined by fitting the data to an analytical dispersion model
equation. The case for the single capillary was more complex
because the inlet boundary condition could not be assumed as
a perfect step. A more advanced scheme was adopted to obtain
both E(t) and F(t) together with the axial dispersion coefficient.
(C) Comparison to RTDs in ideal reactors: The F- and E-curves for
single- and 19-capillary MFDs were then compared to the ideal
cases for a plug flow reactor (PFR), a continuous stirred tank
reactor and a laminar flow reactor.
3.1. Experimental measurement of RTD data
Experimentally the RTD in MFDs was studied with the use of fibre
optic probes for the detection of coloured tracer agents. In this series
of experiments the fluid flow through the MFD sample could be
switched `instantaneously' between two feed lines, to provide a step
change between water and tracer dye. Fig. 3 shows the experimental
configuration used for this set of RTD measurements.
The fluid flow to the MFD was delivered by two Gilson 307 HPLC
pumps, one line delivering the tracer dye phase, the other line pure
water. These two lines were connected via a T-piece with a 0.05 in
(1.27 mm) through hole (Upchurch䉸 P-728), which led to the MFD.
The fibre optic probes for detection of the dye concentration were
situated at either side of the disc. A back pressure regulator was
put in line after each pump, in order to dampen the pulsation created by the piston stroke of the pumps. To switch between pure
water flow and tracer flow, one pump was turned off, while simultaneously the second one was switched on. The delays in this
operation were minimal, so that it can be assumed that the setup would be the same as if a three-way valve would be switched
between the two lines. With this configuration it was possible to
create near perfect step changes. Each experiment consisted of the

double-step, described above; it had two parts, one positive step
change followed by a negative step change. In a positive step change,
the tracer concentration was changed from 0 to cmax , in a negative
step change, from cmax back to 0. A negative step change is also called
wash-out.
Tracer concentrations were measured in-line at the inlet and outlet of the MFD by means of optical micro-probes connected to a
multi-channel, computer controlled optic spectrometer system. This
system was previously used by Reis et al. (2004) for flow monitoring
within small-scale tubular reactors, and more detailed description
can be found there. In order to measure online-tracer concentration in an MFD, two reflection fibre optic probes (FCR-7UV200–1.5×
100-2) with 1.5 mm tips were mounted in black T-pieces with 0.02 in
through holes (Upchurch䉸 P-727) perpendicular to the flow. The
inlet and outlet connectors of the MFDs were directly plugged into
these T-pieces, so that the distance between the point of measurement and the MFD could be minimised.
The coloured tracer used in the experiments was an aqueous solution of indigo carmine (from Merck, Germany) at a concentration
of 100 mg/l in water. This substance was chosen as it was not absorbed by either the MFD capillary walls or by any other piece of
tubing or connector. It had a maximum optic absorption between
610 and 612 nm. Before each set of experiments, a calibration curve
for each probe was carried out, scanning through different tracer
concentrations.
Two different MFDs were used, each with two epoxy resin connectors and a capillary length of 10 m. In the first MFD, all 19 capillaries were active, while in the second one, all capillaries but one
were blocked. This could be achieved by carefully melting up a small
section of the MCF at the inlet before it was glued into the connector. A single capillary in the middle of the film (capillary no. 9)
was left intact for fluid to pass through. The reason for preparing an
MFD with only a single active capillary was to compare the RTD behaviour of a standard MFD, where the fluid flow is split up into 19
individual capillaries with slightly different diameters, to the RTD of
just a single one of them. With all 19 capillaries active, the effect of
different channel diameters was expected to superimpose the RTD
behaviour of a single microcapillary, and subsequently broaden the
outlet signal further. Due to the much smaller volume of the second
disc, lower flow rates had to be chosen compared to the 19-capillary
MFD, in order to prevent the pressure build-up from getting too high.
Table 1 compares characteristic flow parameters of the two MFDs,
including the reactor volume, Vr , the maximal flow rate, V̇max , and
the minimal and maximal mean residence times, min and max , and
flow velocities, vm,min and vm,max . The deviation of the smallest capillary at the edge of the 19-capillary MCF from the mean capillary diameter in this film was 15.5%. This is a typical value for 19-capillary
MCFs, and gives a representation of the difference in capillary diameters along the cross-section of an MCF. This deviation is caused by
the manufacturing process and is < 10% in the best cases.
3.2. Determination of the RTD response by a double-step approach
3.2.1. Model description
The hydraulic mean residence time, often also called reactor holding time or simply mean residence time, is defined as

hyd = Vr / V̇

(1)

where Vr is the reactor volume and V̇ the volumetric flow rate. The
two most common ways of determining the RTD in a reactor experimentally are the pulse input method and the step input method
(see, for example, Baerns et al., 1992; Levenspiel, 1999). In a pulse
input experiment, in- and outlet responses, (t) and (t), can be calculated from the concentrations measured at in- and outlet of the
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Fig. 3. Experimental set-up of step-change RTD experiments in MFDs using two fibre optic probes (probe 1 at the inlet and probe 2 at the outlet of the MFD) and a white
light source. Two HPLC pumps were used for the fluid delivery of water and tracer dye.

reactor, cin (t) and cout (t), using
V̇ · cin (t)

(t) =  ∞
0

V̇ · cin (t) dt

V̇ · cout (t)

(t) =  ∞
0

V̇ · cout (t) dt

Theoretically the hydraulic and the experimental mean residence
times should be identical,
(2)

If the input signal is a perfect pulse, then the residence time age
distribution, E(t), can be equated with the outlet response, (t).
V̇ · cout (t)
E(t) = (t) =  ∞
0 V̇ · cout (t) dt

(3)

For any reactor system, E(t) represents the volume fraction of fluid
having a residence time between 0 and t. For V̇ = const., Eq. (3) can
be simplified to
cout (t)
E(t) =  ∞
0 cout (t) dt

(4)

For a step input experiment, the cumulative in- and outlet responses,
A(t) and (t), are defined by
A(t) =

cin (t)
,
cin,max

(t) =

cout (t)
cout,max

(5)

Assuming a perfect step as the input signal, the cumulative and
dimensionless F-curve is equivalent with the cumulative outlet
response, (t).
F(t) = (t) =

cout (t)
cout,max

(6)

Both E(t) and F(t) are representations of the RTD in the flow system.
One can be transferred into the other by integration or differentiation, respectively:

F(t) =
E(t) =

t

E(t) dt

(7)

0

dF(t)
dt

(8)

The mean residence time of a reactor can also be determined experimentally from a pulse or a step input, and is then termed exp :
∞

t · c(t) dt
i ti · ci (t) · ti
= 
exp = 0 ∞
(9)
i ci (t) · ti
0 c(t) dt

exp

hyd = 

(10)

However, in reality, this is not always the case. In the following, -,
-, A-, -, E- and F-curves are also plotted over the normalised time,
, which is defined as

=

t



=

vm · t
V̇ · t
=
Vr
lr

(11)

Here, vm is the mean or net flow velocity and lr the reactor length
(only applicable for tubular reactors; calculations in stirred tank
reactors have to be based on the flow rate, V̇, and the reactor
volume, Vr ).
3.2.2. Experimental results
Using the raw data from the fibre optic probes (light intensity
curves) a concentration or c-curve could be derived by comparison
with a calibration curve, which was taken before each set of experiments. The relationship between the measured light intensity, Iexp ,
and the concentration of tracer, c, can be expressed with
ln(I0 /Iexp ) = a · c + b

(12)

Here I0 is the reference intensity at c = 0, and a and b are constants.
Fig. 4 shows the intensity and concentration curves of an RTD experiment with a 19-capillary MFD, run at a flow rate of 1 ml/min.
The experiment consists of two parts, the first being a positive
step response where concentration is changed from 0 to cmax . In the
graph this is shown at t = 0–20 min. The second part is a negative
step change, where the concentration is regulated back from cmax to 0
(t = 20 min onwards). These concentration changes were monitored
by the inlet and outlet probes, and are represented in the graphs
by a blue line (inlet of the reactor) and a pink line (outlet of the
reactor). From the concentrations measured at in- and outlet of the
reactor, cin (t) and cout (t), the cumulative in- and outlet responses,
A() and (), can be determined using Eqs. (5) and (11) (see Fig. 5).
The corresponding ()- and ()-curves can then be derived from
A() and () by differentiation, analogous to Eq. (8).
Fig. 6 shows the outlet responses () and () of all experiments using the 19-capillary MFD, at flow rates between 0.5 and
2 ml/min (vm = 11.01–44.02 mm/s). Here the positive and negative
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Fig. 4. Light intensity curve (left) and corresponding concentration curve (right) of an RTD experiment with a 19-capillary MFD at 1 ml/min; the double-step experiment
consists of two parts, the positive step (0–20 min) and the negative step (20 min onwards).
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Fig. 5. Cumulative in- and outlet responses, A() and (), for a 19-capillary MFD (left) and a single-capillary MFD (right).

step changes are presented separately as they each independently
represent an RTD response of the MFD. Positive step change curves
are indicated by a plus sign, e.g. + (), and negative step change or
wash-out curves by a minus sign, e.g. − (). All graphs are plotted
over the dimensionless residence time, .
It can be seen from the graphs in Fig. 5 that the inlet signal of a
19-capillary MFD, A(), is very close to a perfect step, so the following
assumption can be made: The outlet response of a 19-capillary MFD
represents the true RTD of the reactor:

to the 19-capillary MFD, the single-capillary inlet curve, A(), shows
a significant deviation from a perfect step. It contains a long tail,
which reaches past the break-through curve of the outlet signal.
This means that the concentration at the inlet has not reached cmax
yet, by the time the first dye fluid elements exit the MFD. Hence,
the following can be concluded: The outlet response taken from the
single-capillary MFD does not represent the true RTD of the reactor:

() = F() and () = E()

Compared to the 19-capillary MFD sample, the single-capillary sample has a ∼16 fold smaller volume, though both capillary lengths
are the same (see Table 1). Due to pressure build-up limitations, the
experiments in the single-capillary sample had to be carried out at
significantly lower flow rates. Therefore, the large deviation from
a perfect pulse at the inlet is believed to result from the T-piece
used for connecting the two inlet lines, the coloured tracer line and
the pure water line (see Fig. 3). During the change-over period, liquid from the inactive line (tracer dye or water line, whichever has
just been switched off) is believed to diffuse into the feed stream,
which is first passing the inlet probe, and then entering the MFD.

The RTD of a single capillary was investigated by using a sample
which had only one active capillary, while the remaining 18 were
blocked off during its preparation. Fig. 7 shows the combined outlet
responses, () and (), of a single-capillary MFD at flow rates
between 0.1 and 0.25 ml/min (vm = 36.93–92.32 mm/s).
The RTD response of a single-capillary MFD shows a much longer
tail than the response of a 19-capillary disc. Here, () and ()
show a strong deviation from ideal plug flow behaviour. This can be
explained when A() is examined in detail (see Fig. 5). As opposed

()  F() and ()  E().
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Fig. 6. RTD of a 19-capillary MFD, for a positive step change, + () and + (), and a negative step change, − () and − (), flow rates were varied between 0.5 and
2 ml/min (vm = 11.01–44.02 mm/s).

This phenomenon is believed to result in a broadening of the step
input signal; and because the total flow rates are much lower than
for a 19-capillary MFD, this effect has a much higher impact on the
single-capillary MFD. This problem can only occur upstream of the
MFD. Using the imperfect pulse method for analysis of the RTD, this
upstream error can be eliminated, and the experimental data in the
single-capillary MFD can then be compared to analytical models.
The () curves in Figs. 5 and 6 show small irregularities in the
form of a single or several steps between  = 1.2 and 1.5. These steps
seem to be characteristic for 19-capillary MFDs as they do not occur
in the () curves of the single-capillary MFD in Fig. 7. This socalled `staircase tail', which is especially pronounced for the curve
at 2 ml/min, is believed to be an effect of different flow velocities in
differently sized capillaries. As the capillary diameters in an MCF are
not uniform along its cross-section, the volumetric flow rates inside
them are different. A smaller capillary has a bigger flow resistance
than a larger one, and will therefore allow less fluid to pass through it,
resulting in lower net flow velocities. The `staircase tail' is a response
to the variation in capillary diameters, as the dye pulse has different
residence times inside differently sized capillaries. These RTD profiles
are therefore the result of a series of RTDs of individual capillaries
superimposed onto one another. However, this deviation from plug
flow behaviour is small. More detailed investigations on the flow
distribution inside MCFs are described in Hornung et al. (2006) and
Hornung (2007b).

3.3. Analytical modelling of axial dispersion
3.3.1. 19-capillary geometry
In this case the input response was near that of a perfect pulse and
so the outlet response gives F(t) and E(t) directly. The axial dispersion in a 19-capillary MFD was quantified using a one-dimensional
dispersion model (see for example Levenspiel, 1999). This model
deals with small deviations from plug flow. It may be assumed that
an ideal pulse of tracer is introduced into the fluid entering a reactor. The pulse spreads axially as it passes through the vessel. In the
model, it is assumed that a diffusion-like process is superimposed on
plug flow, which characterises the spreading. This process is called
longitudinal or axial dispersion, or simply dispersion and is quantified by the dispersion coefficient, Dax . According to the dispersion
model, the RTD can be determined by


(1 − )2
Edisp () = 
exp −
4(Dax /vm l)
4(Dax /vm l)
1


=



Pe
(1 − )2 Pe
exp −
4
4



(13)

This E-curve can either be expressed as a function of Dax or as the
axial dispersion number, sometimes also called Peclet number, Pe
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Fig. 7. RTD of a single-capillary MFD, for a positive step change, + () and + (), and a negative step change, − () and − (), flow rates were varied between 0.1 and
0.25 ml/min (vm = 36.93–92.32 mm/s).

(see Mecklenburgh and Hartland, 1975) which is defined as
Pe = vm l/Dax

(14)

The higher the value of Pe is, the closer the flow is to plug flow.
Eq. (13) is valid for Pe > 100. The model E-curves from (13) were
transferred to F-curves using (8), and subsequently compared to
the experimental F-curves. Fig. 8 compares experimental F() of a
19-capillary MFD at 1 ml/min (vm = 22.01 mm/s) to the dispersion
model, Fdisp (), for different Peclet numbers ranging from 100 to
5000. It can be seen that the experimental data shows the same
trend as the plotted theoretical values and lies between the curves
for Pe = 100 and 250. This leads to the conclusion that the concentration profile inside the MFD under the given conditions is close to
a plug flow profile.
3.3.2. Single-capillary geometry
For this geometry the input response could not be assumed to
be a perfect step and the more complex imperfect pulse approach
was adopted to obtain the F- and E-curves as well as the axial dispersion coefficient. The following calculations, which can be found
in Mecklenburgh and Hartland (1975), describe a data processing
method which allows model fitting to RTD data with an imperfect
pulse or step change. Here, the RTD can be `extracted' from experimental data obtained under imperfect input conditions. In order to

do this, both the input and the output age curves, () and (),
have to undergo Laplace transformations (see for example Bronstein
and Semendjajew, 1996), shown in
 ∞
U(T) = L() =
e−T  () d
(15)
0

The Laplace transformation can be solved using an n-by-m matrix,
which is given by
U ij =

1 −Tj i−1
· (i−1 ) + e−Tj i · (i )](i − i−1 )
[e
2
for i = 1, . . . , n and j = 1, . . . , m

(16)

and
n

U j = U(Tj ) = U(T) =

U ij
i=1

for i = 1, . . . , n

and

j = 1, . . . , m

(17)

From the Laplace transformed inlet and outlet responses of the reactor, U  (T) and U  (T), the transfer function of the experimental
data, g(T), can be calculated. According to Levenspiel (1999), it can
be said that U  (T) is the convolution of g(T) with U  (T), which can
be written as
U  (T) = g(T) · U  (T)

(18)
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Fig. 8. F() of a 19-capillary MFD, positive step change, comparison between experimental data and the dispersion model for four different Peclet numbers, flow rate:
1 ml/min, flow velocity: 22.01 mm/s.
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Fig. 9. Transfer function, comparison between experimental data, g(T), and an analytical model for differential back mixing, gdiff
single-capillary MFD at 0.2 ml/min and 73.86 mm/s, positive step.

The transfer function, g(T), represents the deconvoluted RTD of the
reactor in the Laplace domain. The advantage of working in the
Laplace domain is that the deconvolution of an RTD containing an
imperfect pulse can be carried out easily by using Eq. (18). The transfer function, g(T), no longer contains the superimposition of the imperfect input signal. It can be compared to analytical solutions in the
Laplace domain, analogous to the E- and F-curves in the time domain.
The model in (19) is such an analytical solution based on a mass balance in `closed–closed' reactors. It considers differential back-mixing
and the injection of a pulse at the inlet of the reactor. More detailed description of the model can be found in Mecklenburgh and
Hartland (1975).

Pe/2

gdiff BM (T) = 2e

2a
(1 + a)2 ePe·a/2 − (1 − a)2 e−Pe·a/2


(19)


a=

1+

4T
Pe

(20)

BM (T),

for different Peclet numbers,

Like the axial dispersion model, it is a function of the Peclet number,
Pe. This model describes flows with longitudinal dispersion, lying in
between the two ideal cases, plug flow and perfect mixing. Fig. 9
compares experimental data at 0.2 ml/min (vm = 73.86 mm/s) to the
analytical model for different Pe, analogous to the model fitting in
the time domain.
3.3.3. Axial dispersion coefficients and molecular diffusion theory
To quantify the axial dispersion in both the 19- and the singlecapillary cases a best fit criterion can be applied, comparing
experimental with model data. The minimum of the following goal
function represents this best fit for the 19-capillary MFD, with Pe being the fitting parameter. The resulting Pefit can thus be determined
for each RTD experiment with flow rates between 0.5 and 2 ml/min.

disp (Pe) =

Here, a is

5.0


0

3

(F() − Fdisp (Pe, ))2 d

(21)

The integration was carried out for -values between 0 and 3. For
higher values of , the F-curve was assumed to be constant at 1.
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Fig. 10. Peclet numbers, derived from two different analytical models: axial dispersion model for a 19-capillary MFD (time domain model) and differential back
mixing model for a single-capillary MFD (Laplace domain model); the solid black
line represents a linear best fit to the combined experimental data, and the dashed
line highlights the Pe = 100 threshold, above which flows can be regarded as
plug-like (see Levenspiel, 1999).

Analogous to the model fitting for the 19-capillary case in the time
domain, the best fit criterion for the single-capillary MFD in the
Laplace domain is represented by the following goal function:

diff


BM (Pe) =

5

0.5

(g(T) − gdiff

BM (Pe, T))

2

dT

(22)

For this model fitting, T values between 0.5 and 5 were chosen, as the
experimental g-curves showed too great a deviation from the model
outside this region. For the 19-capillary MFD, Pefit was between 98
and 221; for the single-capillary MFD, Pefit was between 15 and 77.
The combined data for both systems were then plotted over vm (see
Fig. 10).
The flow velocities in the single-capillary MFD were higher than
in the 19-capillary sample; and the higher the flow velocities, the
smaller Pe was. This agrees with the theory of Taylor (1953) that a
flow field behaves more like plug flow, the smaller the flow velocities
get. According to Levenspiel (1999) a system with Pe > 100 can be
considered as plug flow-like. In systems with Pe < 100, substantial
axial dispersion occurs. This Pe = 100 threshold is marked in Fig. 10
by a dotted line. It can be seen that the data at low flow velocities,
which were collected with the 19-capillary sample, lies above this
line, while for higher flow velocities in the single-capillary MFD, the
Peclet numbers lie below this line. The solid black line represents a
linear best fit to the experimental data. This line crosses the Pe = 100
threshold just above vm = 50 mm/s. It was concluded that below
this critical velocity, the flow inside MCFs of this capillary diameter
behaves like plug flow. For higher mean velocities, an axial spread of
any soluble matter flowing through the capillaries due to dispersion
effects has to be taken into account.
The reason for this plug-like behaviour can be explained with the
theory of Taylor. In 1953, he first showed that the concentration profile of fluid flowing slowly through channels of small diameters is
not purely laminar, but is superimposed by an effect called molecular diffusion. Taylor studied the effect of molecular diffusion on the
laminar flow profile within tubular channels. He established a relationship for the spread of a pulse with the length, lpulse , injected
into a fluid flow with the maximum velocity, vmax , flowing through
a tube of radius, R, showing that if
lpulse
vmax



R2
3.8 · D

(23)

then there is a significant effect of molecular diffusion on the concentration profile. This means that the time necessary for appreciable effects to appear, owing to convective mass transport, is long

Fig. 11. Comparison of normalised experimental axial dispersion coefficient in MFDs,
Dax , with theoretical effective diffusion coefficient from Taylor, Deff , for different
values of D between 0.0001 and 0.0005 mm2 /s, adapted from Levenspiel (1999),
error bars are based on standard deviation.

compared with the `time of decay' during which radial variations of
concentration are reduced to a fraction of their initial value through
the action of molecular diffusion (Taylor, 1953). Here, D is the diffusion coefficient, which in the RTD experiments in this investigation
was assumed to be a concentration independent, material specific
constant.
With his theory, Taylor expanded the laminar flow model to include molecular diffusion, and introduced an effective diffusion coefficient, Deff . Soluble matter of a known concentration injected into
a flow through a pipe with the radius, R, is dispersed relative to a
plane which moves with the velocity 1/2vmax exactly as though it
were diffused by a mass transport process with the effective diffusion coefficient, Deff (see Eq. (24)).
Deff = D +

R2 · v2max
d2 · v 2
=D+ c m
192 · D
192 · D

for vmax = 2vm

(24)

The theoretical Deff can be compared to the experimental axial
dispersion coefficient, Dax , which can be obtained from Pefit using
Eq. (17). Dax is inversely proportional to Pe and it increases with
increasing flow velocities. In Fig. 11 the dimensionless forms of
the experimental Dax and the theoretical Deff are plotted over the
Reynolds number, Re, as demonstrated by Levenspiel (1999). Re is
defined as
Re =

vm · dc · 

(25)

where  is the fluid density and the dynamic viscosity.
The theoretical model is plotted for three different values of D,
ranging from 1×10−10 to 5×10−10 m2 /s (0.0001–0.0005 mm2 /s). This
lies within the range of literature values for comparable systems,
such as the work by Robinson (1935), who reports values for D of
5×10−10 m2 /s. It was observed, that the experimental data generally follow the same trend as Taylor's theoretical dispersion coefficient, and has a reasonably good agreement with this model for
D = 1×10−10 m2 /s. The experimental data lie in a region on the right
side of the diagram, where, according to the theory of Taylor (1953,
1954) and Aris (1956), molecular diffusion can have a beneficial effect on the RTD of a pipe flow system, in that it counteracts axial
dispersion. Errors resulting form experimental inaccuracies and the
model fitting (using Eqs. (21) and (22)) are responsible for the high
spread of the experimental data. These errors were quantified by
standard deviation and plotted as error bars in Fig. 11.
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The use of a transfer model enabled the illustration of the deconvoluted RTD data of the single-capillary MFD in the time domain. Detailed information on this transfer model is described in Appendix.
The results are shown in Fig. 12 together with data from the 19capillary disc, comparing both to the ideal models plug flow (PFR)
and perfect mixing (CSTR) and to laminar flow. One set of data from
each system with similar mean net flow velocities, vm , was chosen
for this comparison. In the 19-capillary MFD, vm was 33.02 mm/s
(V̇ = 0.1 ml/min), and in the single-capillary MFD 36.93 mm/s
(V̇ = 0.1 ml/min).
The F- and E-curves of both the 19-capillary and the singlecapillary MFDs lie in between plug flow behaviour and laminar flow,
with a strong deviation from the laminar flow curve and a general
plug-like character. The 19-capillary disc shows a narrower RTD than
the single-capillary disc, despite similar flow velocities in both systems. This discrepancy is believed to be caused by errors resulting
from the transfer model, when the data was transferred from the
Laplace domain to the time domain (see Appendix).
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4. Conclusions

1
0.5
0
0

0.5

1

1.5

2

2.5

3

θ [-]
Fig. 12. F() and E() of a 19-capillary MFD and a single-capillary MFD (deconvoluted RTD data), comparison to a PFR, a CSTR and laminar flow, flow
rates and mean net flow velocities: 19 capillaries—1.5 ml/min and 33.02 mm/s,
single-capillary—0.1 ml/min and 36.93 mm/s, positive step change.

3.4. Comparison of RTDs with reactor model predictions
Having now obtained the RTD and axial dispersion coefficients for
both single- and 19-capillary geometries both sets of data are compared with each other and also the following basic reactor models:
plug flow reactor (PFR), perfect mixing in a continuous stirred tank
reactor and laminar flow. The two ideal cases, plug flow, EPFR (), and
perfect mixing, ECSTR (), are described by
EPFR () =

∞
0

for  = 1
for   1

(26)

and
ECSTR () = e−

(27)

The RTD of laminar flow systems was first described by Danckwerts
(1953). His model calculations were based on the laminar flow profile
inside a tube with the radius, R, and the length, l (see Eqs. (28) and
(29)). The effect of molecular diffusion on the laminar flow behaviour
was not taken into account.
v(r) = 2 · vm 1 −

r2
R2

(28)

Here vm is the net flow velocity and v(r) the velocity at the distance
r from the centreline of the tube. The respective F-curve can be
calculated using Eq. (29).
 R√1−l/2vm t
1
r2
·
2vm 1 − 2 2r dr = 1 − l2 /4v2m t2
Flam (t) =
2
R vm 0
R
for t ⱖ

1

2

Flam (t) = 0 for t <

1

2

This paper has determined residence time characterisation of a
microfluidic device, termed microcapillary flow disc (MFD). Experiments using fibre optic probes for the detection of tracer dye have
shown that the residence time behaviour within the capillaries of
an MFD is reasonably close to plug flow. These data were established in both a single-capillary and a 19-capillary MFD sample, in
both cases using a double step input. Analytical models were fitted
to the experimental data. In case of the 19-capillary MFD, a perfect
input was assumed, while for the single-capillary MFD the imperfect pulse method had to be applied to evaluate the RTD data in the
Laplace domain. In both the time and the Laplace domains, the Peclet
number was used as the fitting parameter. For the transfer of the
deconvoluted RTD data of a single-capillary MFD from the Laplace
domain back into the time domain, a mathematical model fitting
methodology was introduced, which is presented in further detail in
the Appendix. The fact that the diameters of the microchannels in a
19-capillary disc have small variations along the cross-section of an
MCF resulted in small perturbations of the RTD, but did not result in
a significant deviation from its general plug-like character. The investigated flows had Peclet numbers between 15 and 221, depending on the flow velocity inside the capillaries. The analytical model
shows that the RTD in MFDs lies in the near plug flow region. For
mean flow velocities below 50 mm/s, the behaviour can be regarded
as plug flow. At higher velocities, axial dispersion has to be taken into
account. The observed axial dispersion coefficients generally follow
the same trend as theoretical predictions by Taylor.
Overall, the RTD results are encouraging in that significant axial
dispersion is not anticipated to be a problem in the MFD configuration, which due to their length of several meters, are normally
operated at low flow rates, typically between 0.1 and 2 ml/min. The
small diameters of the microcapillaries ensure that molecular diffusion has a beneficial effect on the RTD, as it results in a narrower
distribution than expected from the laminar velocity profile alone.
This paper demonstrates that MFDs can operate effectively, giving
residence times in order of a few minutes to several hours, with a
near plug flow response, which makes them a viable tool for the use
in microreactor technology.

Notation
A(t)/A()

(29)

reactor inlet response to a step (cumulative curve),
dimensionless
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cout (t)
dc
D
Dax
Deff
E(t)/E()
Edisp ()
E∗ ()
F(t)/F()
g(T)
gdiff BM (T)
g∗ (T)
Iexp
I0
l
lpulse
Pe
R
Re
t
T
U  (T)
U  (T)
vm
vmax
v(r)
Vr
V̇

concentration measured at the inlet of a reactor,
function of time, mol/l
concentration measured at the exit of a reactor,
function of time, mol/l
capillary diameter, m
diffusion coefficient, m2 /s
axial dispersion coefficient, m2 /s
effective diffusion coefficient (Taylor diffusion coefficient), m2 /s
residence time age distribution, 1/s/dimensionless
residence time age distribution, axial dispersion
model, dimensionless
residence time age distribution, inverse Laplace
transform model, dimensionless
cumulative residence time distribution,
dimensionless
transfer function, dimensionless
transfer function, differential back-mixing model,
dimensionless
transfer function, inverse Laplace transform model,
dimensionless
measured light intensity, counts
reference light intensity at c = 0, counts
length, m
length of a tracer pulse, m
Peclet number, dimensionless
radius, m
Reynolds number, dimensionless
time, s
Laplace domain variable, dimensionless
Laplace transformed inlet response of a reactor,
dimensionless
Laplace transformed outlet response of a reactor,
dimensionless
mean net flow velocity in MCF, m/s
maximum flow velocity in tube/capillary, m/s
flow velocity in tube/capillary at distance r from the
centre, m/s
reactor volume, m3
volumetric flow rate, m3 /s

Greek letters

(t)/ ()
disp (Pe)
diff

BM (Pe)



exp
hyd
(t)/ ()
(t)/ ()

reactor inlet response to a pulse (age curve),
1/s/dimensionless
goal function for axial dispersion model,
dimensionless
goal function for differential back-mixing model,
dimensionless
normalised residence time, dimensionless
dynamic viscosity, Pa s
fluid density, kg/m3
experimental mean residence time, dimensionless
hydraulic or mean residence time, dimensionless
reactor outlet response to a pulse (age curve),
1/s/dimensionless
reactor outlet response to a step (cumulative curve),
dimensionless
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Appendix A. Determination of the `time-domain' solution for deconvoluted RTD in single-capillary MFDs
In order to transfer the RTD from the Laplace domain back into
the time domain, the inverse Laplace transform has to be calculated.
This is difficult numerically, as Eq. (30) would need to be solved,
which includes a complex term (see, for example, Bronstein and
Semendjajew, 1996).
f (t) =

1
2



∞
−∞

e(

+iT)t

· F( + iT) dT

for t ⱖ 0

(30)

In this work, a simpler solution was chosen, fitting a model function
to g(T), which then could undergo an inverse Laplace transform. As
g(T) had the shape of an exponential function and E-curves are density distributions, a distribution function was chosen as the model,
which had a simple Laplace transform that could be fitted easily
to an exponential curve. The Erlang distribution (see, for example,
Weisstein, 2002) fulfilled these requirements. Its probability density
function and its Laplace transform are shown below:
f (t; n, a) =

(−a)n · tn−1 · eat
(n − 1)!

F(T; n, a) =

a
a−T

(31)

n
(32)

Here n and a are the fitting parameters in the Laplace and the time
domains, with a ⱕ 0, n > 0 and n being an integer. From this function, three different versions were tested, named model 1–3 with
different numbers of fitting parameters. Model 1 has two, model 2
has three and model 3 has six fitting parameters. All three models
are shown in Eqs. (33)–(38) together with their Laplace transforms.
E∗1 (t; n, a) =

(−a)n · tn−1 · eat
(n − 1)!

(33)

n

g∗1 (T; n, a) =

a
a−T

E∗2 (t; n, a, u) =

u(−a)n tn−1 · eat
(n − 1)!
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Fig. 13. Transfer function g(T) and comparison to three variations of a mathematical
model with two (model 1-1—g∗1 (T), three (model 2—g∗2 (T)) and six (model 3—g∗3 (T))
fitting parameters, upper right corner: same graph plotted on a log–log scale,
highlighting the region of good and bad model fitting, single-capillary MFD at
0.2 ml/min and 73.86 mm/s, positive step.
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Fig. 14. Deconvoluted RTD age distribution for three model variations in the time domain, E∗1 (), E∗2 (), and E∗3 (), comparison to the original raw data, () (before
deconvolution), single-capillary MFD at 0.2 ml/min and 73.86 mm/s, positive step.

g∗2 (T; n, a, u) = u

a
a−T

n
model 2

(36)

u · (−a)n · tn−1 · eat
E (t; n, a, u, m, b, v) =
(n − 1)!
∗3

+
g∗3 (T; n, a, u, m, b, v) = u

v · (−b)m · tm−1 · ebt
(m − 1)!
a
a−T

n
+v

b
b−T

model 3

(37)

m
model 3

(38)

Here n, a, u, m, b and v are the fitting parameters in the Laplace and
the time domain, with a, b ⱕ 0, n, m > 0 and n, m being integers.
The models g∗1 (T), g∗2 (T) and g∗3 (T) were individually fitted to g(T).
After importing the fitting parameters into E∗1 (T), E∗2 (T) and E∗3 (T),
those curves then represent an approximation of the RTD in the
time domain without the imperfect inlet signal. Fig. 13 shows a
comparison between the three versions of this model: g∗1 (T), g∗2 (T)
and g∗3 (T). The model fitting was carried out numerically using the
solver function of Microsoft Excell䉸 . Fig. 14 shows the three model
variations of the deconvoluted age distribution function, E∗ (), in
the time domain: E∗1 (), E∗2 () and E∗3 (), and the comparison to
the original raw RTD data, (), which contains the information
of the imperfect pulse. E∗ () shall also be called the deconvoluted
E-curve.
Fig. 13 shows a very good agreement between the experimental data and the introduced mathematical models. The E∗ -curves in
Fig. 14 show a more plug flow-like behaviour than the original
-curve, which leads to the conclusion that the deconvolution successfully removed the spread of the inlet signal. Models 2 and 3
have a better fit to the transfer function than model 1. Compared to
model 2, model 3 is a less suitable description for the RTD data as
it shows irregular behaviour between  = 0.1 and 0.7, where E∗3 ()
has negative values. Hence, model 2 with three fitting parameters
was considered to be the most applicable for this set of data, and
was thus used for the representation of the RTD in a single-capillary
sample in Fig. 12.
It needs to be noted at this point that E∗ () is not the true RTD of
the MFD, but a close approximation. As a result of transformation into
the Laplace domain, and subsequent processing and transformation
back into the time domain, much of the information contained in
the original data was lost.
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