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A general model for the diffusion and swelling of
polymers and its application to ultra-high
molecular mass polyethylene

By P.Gao AND M. R. MACKLEY

Department of Chemical Engineering, University of Cambridge, Pembroke Street,
Cambridge, CB2 3RA, UK

A numerical scheme is described that can predict the diffusion and swelling of
solvents into a one-dimensional polymer slab. The work extends previous models of
non-fickian diffusion and incorporates both generalized fickian diffusion and a
concentration dependent viscoelastic response of the polymer. Depending on the
relative magnitude of different parameters, both broad and sharp concentration
profiles are predicted, together with linear or # mass uptake kinetics. The model is
found to successfully predict the experimentally determined mass uptake kinetics of
ultra-high molecular mass polyethylene exposed to an organic solvent at low and
high temperatures. Significant solvent loadings are observed with linear kinetics at
low temperature and # kinetics at higher temperatures.

Notation

C  solvent concentration defined in terms of the volume of solvent divided by the
initial volume of polymer

C., solvent local equilibrium concentration

C, equilibrium solvent concentration

D, solvent intrinsic diffusion coefficient (m? s7?)

Dy =15m/Dy,

 solvent diffusion coefficient defined in terms of a polymer fixed frame of
reference
G  shear modulus (N m™2)
G, pleateau modulus (N m~2)
J  flux (ms™)
k  concentration dependent coefficient for diffusion coefficient D
l,  initial thickness of polymer
m  concentration dependent coefficient for viscosity #
R universal gas constant (J mol™ K1)
s 0/C,
T Absolute temperature (K)
¢ time (s)
Vi volume of solvent
V, volume of polymer
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x  coordinate in a polymer fixed frame of reference
z  coordinate in a laboratory coordinate

e  volumetric strain

1 viscosity (Pa s)

7, zero shear viscosity (Pa s)

solvent volume fraction
equilibrium solvent volume fraction
solvent chemical potential (J mol™)
osmotic pressure (N m™2)

3T S-S
=]

1. Introduction

The starting point of many diffusion studies is to consider fickian diffusion, where the
governing equation for time dependent diffusion is given by

aC /ot = DV2C, (1)

where D is the diffusion coefficient which in the first instance is assumed to be
independent of concentration. Classic texts on the solution of this diffusion equation
are given for example by Crank (1975). The diffusion of fluids into organic polymers
present additional complications which mean that under a number of circumstances
the fickian diffusion equation given by (1) is not adequate. A number of authors have
addressed this issue (see, for example, Fujita 1962; Park & Crank 1968; Stannett
et al. 1972; Windle 1985; Vergnaud 1991). Alfrey ef al. (1962) in particular have
attempted to classify behaviour; they define a case I diffusion, where fickian
diffusion is much slower than relaxation processes in the material and mass uptake
experiments follow the usual # kinetics. Case II diffusion is where the diffusion is
faster than the materials relaxation processes and the mass uptake is then linear with
time. Anomalous diffusion occurs between these two limiting conditions. Among
others, Thomas (1982) and Thomas & Windle (1978, 1980, 1981) have carried out a
careful study of type Il diffusion as applied to the diffusion of methanol in
polymethyl methacrylate and this has been extended by Hui et al. (1987a, b).

We have carried out experiments on the swelling kinetics of ultra-high molecular
mass polyethylene (UHMMPE) in the presence of an organic solvent and found that
very high swell ratios can be generated without the material fully dissolving
(Mackley & Solbai 1987; Gao & Mackley 1991), both large mass uptake and sample
dimension changes occur during the swelling of polymers. In addition, at a
temperature below the normal melting point of the material, linear mass uptake
kinetics were observed both before and well after the observed sharp concentration
fronts had met at the centre of the sample. The linear uptake after the fronts had met
appeared an unusual and initially surprising feature. To explain and model this
whole range of swelling behaviour we have constructed a generalized numerical
scheme that is able to encompass fickian and a more generalized fickian response
together with the coupled response of a viscoelastic material. The approach enables
direct comparison with our experimental results and also enables the more general
mapping of diffusion behaviour to be established over a broad range of parameter
space.

The aim of this paper is therefore to develop a general numerical model for
diffusion and show that a broad range of behaviour can be obtained depending on the
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relative magnitude of certain parameters. We also show that the model can be
specifically applied to the swelling of tHMMPE. In §2 we develop the mathematics and
modelling of the diffusion process. In §3 diffusion behaviour is mapped into different
régimes and the numerically predicted response displayed in terms of one dimensional
concentration profiles and mass uptake kinetics. In §4 the numerical scheme is
compared with experimental data and self consistency established between
rheological and swelling experiments.

2. Development of the mathematical model
(@) Material balance

We consider one-dimensional diffusion only and choose to work in a frame of
reference that maintains a fixed mass of polymer. This relates directly to our
experimental conditions where a fixed mass of polymer is swollen in an organic
solvent for a given length of time and where the polymer is in the form of a disc with
its diameter very much greater than its thickness. Philips (1968), Crank (1975),
Smiles & Kirby, (1987) all use material fixed frame for diffusion and other problems.
If we define concentration as

C=V/V, (2)

where V is the volume occupied by the solvent and V; the volume occupied by pure
polymer, a simple one-dimensional balance yields

1

dr =175

dz, 3)

where dz is an increment in a fixed frame and dz an increment in the actual
laboratory frame. X dx =, the initial thickness of the sample and 2dz =/, the
thickness of the sample at time ¢. After formulation of the governing equations each
equation will then be written in terms of the fixed frame of reference x.

(b) The diffusion equation

Following Crank (1975), Hui et al. (1987a), the generalized fickian diffusion
equation can be written as

o .20,

J== SO, 0

(4)

where J is the flux of solvent. D? is the diffusion coefficient where the superscript P
relates to the polymer fixed frame and the subscript s to solvent penetration. C, is
the local equilibrium concentration of the solvent at a position x within the sample
and C'is the actual solvent concentration at this position. In classical fickian diffusion
C, = C but in circumstances to be described in this paper the two concentrations are
not necessarily equal. The local equilibrium concentration can be thought of as the
concentration that would occur if classical fickian diffusion occurred alone.

The fixed polymer frame diffusion coefficient DP? can be coupled to laboratory
frame intrinsic diffusion coefficient D by the relation (Park 1950)

D
pP=——- 5
RTEORTIE e ©)
Proc. R. Soc. Lond. A (1994)
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For a number of polymer systems it has been found that the diffusion coefficient has
a strong dependence on solvent concentration (Rogers 1965 ; Fujita 1962 ; Park 1951)
and this is usually expressed as

C
D=n, expk(H—O), (6)

where D, and k are material constants. Equation (5) and (6) can be coupled to give

D C
D — i o —
b (1+Oe)(1+0)2eka(1+0)' 7)
Jonservation of penetrant gives
oJ o0
54—5 =0 (8)

and combining (8) with (4) yields

aC 0 coC
= p___ €
o Ox (DS C, 0x ) ®)

(c) Osmotic pressure and constitutive response

If the local concentration is not equal to the local equilibrium concentration,
Thomas & Windle (1982) and Hui et al. (1987 a) assumed that an osmotic pressure 7
exists within the material. This can be written as

1 RT. [C.(1+C
n——vmw—ﬂe)—ﬁln[-a(lwe)], (10)

where V,, is the partial molar volume of penetrant (in our case V,, of decalin =
1.5x 107 m?® mol™ at 20 °C). u— p, is the difference in chemical potential between
the actual and equilibrium states. R is the universal gas constant and 7' the absolute
temperature.

This osmotic pressure gives rise to a bulk stress that causes the material to swell.
Thomas & Windle assumed that the response was purely viscous. We extend the
response slightly by assuming that the response follows a parallel coupled linear
viscous and elastic element known as the Voigt model. The strain response of such
an element ¢ is controlled by the first-order differential equation

de 7 ¢
dt ¢ 1’ ()
where 7 is the relaxation time of the element given by 7 = %/, and where 7 is the
viscosity and ¢f the elasticity of the element (see figure 1).
If ¢ is taken as the volumetric strain there is a direct coupling between ¢ and C
namely
de/dt =dC/dt and e=C. (12)

Hquation (11) is a gross simplification of the rheological response of a polymeric
material. The model could if necessary be extended to include nonlinear terms and
perhaps of greater importance a spectrum of time constants rather than just one.
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Figure 1. Schematic diagram of viscoelastic element.

We need to assign a concentration dependence to both  and (. Kishimoto et al.
(1960) and others have used an exponential dependence of # on concentration, where

c

Typically the constant m is found to vary in the range 540 indicating a very large
sensitivity to concentration. When elasticity is present in the swollen polymer, we
assume that it follows the rubber elasticity equation for a swollen rubber given by

Treloar (1976) G = Gy (1+0)7, (14)

where (7, is the modulus of a rubber with no solvent present.

In relation to our own experimental observations on the swelling of vHMMPE the
starting state of the polyethylene may either be in the solid state if the temperature
is below the melting range which is of order 140 °C, or in the molten state above
140 °C. Viscoelasticity is particularly important in relation to swelling kinetics below
the melting point. In this situation the starting state of the material starts as a semi-
crystalline solid, where the materials relaxation time 7 = #(C)/G(C) is greater than
10® . In this case the viscosity of the material dominates behaviour. After some
swelling has occurred the relaxation times of the material reduces to a range
1072-10% s. In this situation the viscoelastic relaxation of the material can have a
significant effect on behaviour. To model the behaviour realistically, and also enable
us to generate a numerical scheme that will converge in a practical time, we have
chosen to adopt the following boundary conditions for 7

r=o for C<C* 71=yC)/GC) for C>C*

The choice of C* is somewhat arbitrary and might be expected to vary for different
polymer solvent systems.

In the case of swelling in the melt, i.e. above 7], the material is viscoelastic.
However, the relative magnitude of the diffusion time to the polymer relaxation time
is such that the diffusion process dominates the kinetics.

Substituting (10) and (12) into (11) we arrive at the governing equations for the
material as

dC R’I’ C C C
Fri o - = C* 1
dt Mo Vi [O (1 )]expm(1+0> T’ v=0 (13)
dc ’I’ C C
— k
and s [C >]expm(1+0>, C < C*. (16)
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For a thin element there is no spatial variation of concentration within the material
and equations (15) and (16) can be solved directly for the initial boundary condition

t=0, C=0, C,=C,. (17)

When spatial dependence is introduced we again assume that at ¢t = 0, the actual
concentration within the material is everywhere equal to zero. We also assume that
at the surfaces of the sample the equilibrium concentration is equal to €. In the
general discussion given below, a value of 1 is chosen for C,

t=0, O0<a<l, C=0, C,=0, (18)

t=0, =0 and [, C=0, C,=C,. (19)

The choice of the magnitude of C, is somewhat arbitrary as uncrosslinked polymeric
material generally will be drawn towards complete dissolution. In terms of

comparisons with experimental data shown in §4, we have chosen C, = 20, as this
represents the maximum value that we can achieve realistically in our samples.

(d) Finite difference numerical scheme

Equations (9), (15) and (16) can be reduced to dimensionless form by using the
following dimensionless variables:

d,=0,/0, C=0/0, {i=D,t/&,
&=ua/l, D=D?/D, S=0C/C.,.

Substituting these dimensionless variables into equations (9), (15) and (16), and
dropping the tildes, one obtains

C, _C, 0 D aoC,
o 0C ox ox )’

(20)

o Iy (RT  C{(1+C.C 156, oc

-~ = In— e-0 0 0 2

0t DOOO(Vm%nOe(HOOO)eX m(1+000) - ) c=C, (21)
oC B (RT . C(1+0.C oo
vkl . In—|——&"0 0 v 9
o DOOO(Vm% n06(1+000>expm(1+0(]0>>’ 0<0, (22)

The boundary conditions are
Clx=0,1,t20)=1, C(0<az<1;t=0)=0, CO0<zx<1;t=0)=0.(23)

Equations (20), (21) and (22) can be solved simultaneously given the boundary
conditions in equation (23) after specifying the parameters that characterize the
model under study; these include the functions of D(C), »(C) and 7(C).

We take the polymer sheet to occupy space (0 <z < 1). Let the range in = be
divided into equal intervals dx, so that the x—t region is covered by a grid of
rectangles, as illustrated in figure 2 of sides (¢dx,;j0t), where 4,5 are integers. We
denote the value of (' at the point of (idx,jdt) by C; ; with corresponding values at
neighbouring points labelled as in the graph. By using Taylor’s series in the ¢
direction but keeping x constant, we can write

Cei,j = Cei, 41— 8 (00 /0t); j1y +5(88)* (0*Ce/OF); jin + .-, (24)
from which it follows approximately that
(aoe/at)i,j-H = (Oei,j+1 - Oei,j)/at' (25)
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Figure 2. Diagram showing the grid used for finite difference computation.

Similarly, by using Taylor’s series in the x direction, keeping ¢ constant, we have

Coiry i1 = Coi, o1 +30 (90, /08), 1.1, (26)
Oei—%,j+l = Oei,j+1_%8x (aOe/at)i,j+l' (27)
Therefore (00/0); j11 = (Corsy, 1~ Coi-y, j11) /0% (28)

If D(C) and C/C, can be approximated by an average value over a small interval
{i,9+1} and {i—1, ¢}, then equation (20) can be linearized as

aoe) 1 AC’e( (60 ) (OO ) )
=——|D, 5, |=— -D,8 = , 29
( O )iy S AC\TH\ i+, 741 #7\ O -4 741 29)
where
AC, Cy ;i1 —0C4; C....+0C. .
=l 8l DS, =iD,,, ,+D,; ;) =i __Ti
AC Gy =0y Poh R Cei,j+ Coitr,g
S C,+C_;
D,S,=3D,; ;+D;_, ) L—b1
B : ! e Cei,j+0ei—1,j
Again by using Taylor’s expansion in the 2 direction and keeping ¢ constant we have
(aOe/ax)i+§,j+1 = (Ceit1,j1 —Coi,141)/ 0, (30)
(aCe/ax)i—g,jH = (Cet jur1— Ceizr,5+1)/ 2. (31)
Substitution of equations (28), (30) and (31) into equation (29), yields
Coi js1—Coi; 1 AC O,
Lﬂat‘ﬂ = S—;A—C?(Dl Sl(Oei+1,j+1_Cei,j+1)_D2 2(Oei,j+1—0ei—1,j+1))' (32)
In the case of equation (21) or (22) the numerical solutions can simply be expressed

by
Oi,j+1 = Ci,j+8tF(Oi,jﬂ Cei,j) (33)

where F(C, ;, C; ;) denotes the right hand of either of the equations (21) and (22).
The combination of equations (32) with (33) is based on the fact that for each time
increment the change (AC/At), is calculated using equation (32) at constant local
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equilibrium concentration. Thus it is directly related to ((AC/C,)/At); and so the
change (AC/At), is calculated at constant (C/C,) ratios. The constancy of (C,/C);
during a diffusion movement means that the first term of the right-hand side of
equation (32) is in effect (C,/C),. Thus the calculation proceeds by first determining
the change in local equilibrium profile in a small time interval for a fixed profile of
C/C,, and then using the modified solvent local equilibrium concentration profile to
determine the change in the C/C, profile. The new C/C, profile is then used to
calculate another solvent local equilibrium concentration profile and so on. The
calculation of local equilibrium concentration profile was performed using a gaussian
elimination method the procedure was initialised by setting

O, (0<z<13t=0)=10Cyle=0,1;t>0)=1

where the choice of C, = 107° instead of zero was made to facilitate the computing.

3. Results of model calculations

Model calculations representative of typical interval and integral absorption
experiments were performed on an IBM 3081 computer using N = 50 and &t varied
from 5% 1071 to 5 x 107%. A systematic study and test of the numerical model was
performed and the results are presented in the following order.

(@) Simple fickian diffusion, with a constant diffusion coefficient.

(b) Generalized fickian diffusion, where either the diffusion time or viscous
relaxation time dominates the problem. When the viscous relaxation dominates, and
there is a strong concentration dependence of the diffusion coefficient case II
diffusion conditions are established.

(¢) Viscoelastic case 11 diffusion behaviour.

In all cases data are presented in terms of the time evolution of solvent into a one-
dimensional polymer slab and the associated total volume change of the slab. Data
profiles are presented in terms of ¢/¢,, where ¢ is the solvent volume fraction which
is related to solvent concentration by ¢ = C/(1+C), ¢, corresponding to the
equilibrium solvent volume fraction.

(a) Stmple fickian diffusion

In the case of simple fickian diffusion the diffusion coefficient D is assumed to be
independent of concentration and therefore D = D (m?* s7'). In addition the viscosity
5 of the polymer slab is assumed to be zero, i.e. it is assumed that there is no
mechanical resistance of the polymer to solvent ingress.

For this simple case it is possible to solve the diffusion equation analytically using
for example the technique of separation of variables. This offers a useful opportunity
to check the self consistency of the numerical scheme, although it does not
necessarily ensure that the numerics are correct for the more complex diffusion
behaviour that will be considered later.

In figure 3 comparison between the numerical and analytic predictions are made
for simple fickian diffusion. The continuous lines are the analytic results (see, for
example, Crank 1975) and the crosses, the numerical solution. Figure 3a shows the
time evolution of the concentration profile and figure 36 shows the total volume
uptake with time. The time evolution of the concentration profiles show the expected
progressive smooth penetration of the solvent into the slab from the two external
surfaces. The discrepancy observed in the centre of the specimen in the initial stages

Proc. R. Soc. Lond. A (1994)
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r(b)

¢ /¢,

1 1 1 L il

0 0.2 04 0.6 0.8 1.0 0 0.04 0.08
x/ 1 Dyt/1y?
Figure 3. (a) Time evolution of concentration profile. Fickian diffusion, 7, =0, m =0, k= 0.
Dimensionless time increments A(D,¢/I2) = 0.01. (b) Time evolution of volume uptake. Fickian
diffusion, 9, = 0, m = 0, £ = 0. ——, numerical results; 4, analytical solution.

of diffusion is due to small errors in the series summation at early times. The
corresponding total solvent uptake curve shown in figure 30 is plotted as a function
of D,t/l2, and this also shows a familiar smooth curve with an initial uptake being
proportional to the square root of time. The self consistency between the numerical
and analytic results is considered good.

(b) Generalized fickian diffusion

We now consider the situation where the diffusion coefficient of the material may
depend on the concentration C. This dependence is controlled by equation (6), where
k is the exponential variable parameter. In addition the material response is assumed
in the first instance to be purely viscous and this viscosity may also depend on
concentration. The exponential dependence is controlled by equation (13), where m
is the concentration dependent variable parameter.

Solvent ingress is strongly influenced by the relative magnitude of the solvent
diffusion time l3/D, and the materials viscous relaxation time #,/7, where 7 is the
internal osmotic pressure. This can be represented by a dimensionless parameter as

Dy = 3my/Dy1,,

where 7, is given by RT/V,. If the term D, is of the order of 103, the response is
controlled by the solvent diffusion time and figure 4 shows the situation for D, = 103,
Two sets of data are presented where in both cases the concentration dependence of
the diffusion coefficient is for £ = 5 and concentration dependence of the viscosity is
given by m = 5 or m = 10.

The feature of this simulation compared with the previous ones that have been
described is that there is now a sharper concentration profile in the initial stages of
swelling as shown in figure 4a. The continuous lines correspond to m = 10 and the
points to m = 5 and for the conditions described the factor m makes little difference
to the form of the profiles. Indeed for this diffusion controlled régime a zero viscosity
response would be essentially the same as that reported here.

The sharp concentration profile is primarily a consequence of the concentration
dependence of the diffusion coefficient. In the régime shown by figure 4 sharp
concentration profiles are observed but the overall kinetics remain with a i
dependence and this example alone shows that mass uptake measurements on their
own are insufficient to describe the behaviour fully.

Figure 5 shows the situation where the viscous relaxation time becomes important
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Figure 4. (a) Time evolution of concentration profiles. (b) Time evolution of volume uptake.
Generalized fickian diffusion. D, = 103, k= 5. , m=10; a, m =>5. Dimensionless time
increments, AD,t/I2 = 0.01.

in relation to the diffusion time. In this case the factor D, = 10. For the case shown
in figure 5 the viscosity exponential coefficient m is 10 and the diffusion coefficient
constant & = 0. In this situation diffusion profiles similar to simple fickian diffusion
are recovered and the mass uptake again follows  at early times.

The situation is dramatically transformed, however, if a strong concentration
dependence of the diffusion coefficient is introduced with the introduction of a non-
zero k parameter.

Figure 6 shows the situation for D, = 10, £ = 5 and m = 5. In this case ‘classic’
type II diffusion behaviour is seen, namely a sharp concentration profile, linear mass
uptake and a constant front velocity.

The diffusion front advances into the material with essentially a constant velocity
with polymer behind the front quickly reaching its equilibrium value. When the
fronts meet at the centre of the sample no further mass uptake can occur. This type
of behaviour has been identified and classified by others as type II diffusion (Alfrey
et al. 1966).

For case II diffusion to occur a combination of conditions is required. The
materials relaxation time must dominate over the diffusion and both material
viscosity and diffusion coefficients must depend on the magnitude of the
concentration.

(¢) Viscoelastic case 11 diffusion

The introduction of viscoelastic factors can further modify both concentration
profiles and mass uptake. The situation of greatest significance is when the materials
viscous relaxation time dominates the solvent diffusion time, and the first example
is taken when the parameter D, = 10. Both concentration coefficients for the
diffusion and viscosity also influence the problem and these are chosen with typical
values of £ = 5 and m = 5.

Two viscoelastic parameters can be chosen. Initially we choose a viscoelastic
relaxation time 7, = 10° s for material where the volume fraction of the solvent ¢/¢,
exceeds a value of 0.3. If the volume fraction ¢/¢, is less then this critical value the
viscoelastic relaxation time is assumed to be infinite. As explained in the
introduction, these are conditions that appear to be consistent, to a first
approximation, for the swelling of semi-crystalline polyethylene. Other polymers
may well be expected to behave differently, indeed for the case of amorphous
polymers, such as PMMA, ¢/¢, may be zero or near zero.

Proc. R. Soc. Lond. A (1994)
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x/l
Figure 5. (a) Time evolution of concentration profile. (b) Time evolution of volume uptake.
D, =10, k =0, m = 10. Dimensionless time increments = 0.005.

0.4 0.8
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L (b)

277

0.03
Dyt /1y

(D)
0.8F

i

0.06

1
0 0.004
Dyt /1y

0.008

Figure 6. (@) Time evolution of concentration profile. () Time evolution of volume uptake. Case 11
diffusion D, = 10, k¥ = 5 and m = 5. Dimensionless time increments = 5 x 1072,

@

0.8

/¢,

0.4
x/l

(D)

0 0.01
Dyt /1,

0.02

Figure 7. (a) Time evolution of concentration profiles. (b) Time evolution of volume uptake.
Viscoelastic diffusion. D), = 10, k =5, m = 5, 7 = 10°s, ¢/$, = 0.3. Dimensionless time increments

= 0.001.

The diffusion uptake data for the above situation is shown in figure 7. At first sight
the response may appear little different from the classic case 11 response described
in figure 6. Sharp fronts and linear mass uptake are observed. The major difference
can, however, be seen for example at the surface of the sample, i.e. at x/l; = 0 and
1. When viscoelasticity is present the equilibrium concentration at the surface is not
immediately achieved and there is a time delay before the equilibrium concentration
is reached. This suggests that viscoelasticity appears to affect significantly the rate at
which the surface concentration reaches equilibrium. This is demonstrated further in
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Figure 8. (a) Time evolution of concentration profiles for viscoelastic diffusion. (b) Time evolution
of volume uptake. D, = 10, k =5, m =5, 7 = 10* s, ¢/, = 0.3. Dimensionless time increments =

0.001.
\/ _ (b)
s
s :
1 1 | 1 | |
0.4 ) 0.02 0.04
x/1, Dyt /1y

Figure 9. (a) Time evolution of concentration profile for viscoelastic diffusion. (b) Time evolution of
volume uptake. D, =5, k=5, m=5,7=10's, ¢/$, = 0.3. Dimensionless time increment = 0.01.

figure 8a. At delay in surface concentration build up can also be predicted by
changing the rate of concentration dependence of viscosity (Thomas & Windle 1982).
However, under these conditions a nonlinear mass uptake kinetics would occur.

In figure 8 the viscoelastic relaxation time 7, is reduced to 10*s and all other
parameters held the same as in the previous example. It can be seen from figure 8«
that due to the introduction of viscoelastic relaxation time, the concentration at the
surface appears to take a longer time to reach equilibrium and, further, when fronts
meet in the centre a delay in equilibrium concentration is observed. The situation is
modified further if the viscous relaxation time is increased by decreasing the
parameter D, =5, and holding the viscoelastic relaxation time to 10*s. Figure 9
shows this situation and now a broader diffusion profile is observed than previously.
In addition, and of particular relevance, to our own experimental data, the mass
uptake is observed to be linear up to and well beyond the point where the two fronts
meet at the centre of the sample. In classic case II diffusion, linear mass uptake
ceases when fronts meet. This example shows that there are conditions present when
fronts meet and mass uptake can continue.

(d) Mapping diffusion behaviour

From the numerical work that has been described the exact manner of diffusion
appears to be a delicate balance between a number of parameters. The term D, plays
a prominent role together with the concentration dependence controlled by &k and m.
The introduction of viscoelasticity also changes matters. The main fingerprints of the
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Table 1.
concentration
régime parameter, k  profile kinetics ~ comments
diffusion time
controlled X
D, ~ 10° 0 fickian £ -
viscous relaxation
controlled .
D, =~ 10 0 fickian t —
5 sharp t case 11 diffusion
viscoelastic diffusion
D, ~ 10 5 sharp t time delay in surface
7=10—=10%s concentration build up
D, ~1 5 broader t swelling after fronts
7=10%s meet,

diffusion response is the nature of concentration profile and the mass uptake kinetics.
Table 1 summarizes the situation for the range of different situations that have been
examined.

Clearly, mass uptake data alone is a necessary but not sufficient condition to
characterize the diffusion response as a number of different situations can yield both
linear or # kinetics. In addition classic case IT diffusion occurs when a number of
parameters fall within a certain range and finally the sensitivity of the diffusion
coefficient to concentration appears to be an overriding factor in influencing
behaviour away from a standard fickian response.

4. Modelling the swelling behaviour of ultra-high molecular mass
polyethylene

Our aim now is to use the numerical scheme that we have developed to predict the
swelling behaviour that has been experimentally measured. There are a number of
adjustable parameters involved in the mathematical model and rather than perform
a best fit exercise between the model and data we choose to determine the variable
parameters wherever possible by independent experimental measurements. In this
way the success of the model can be directly seen.

Comparison with experimental data will be carried out at two temperatures
T = 135 °Cand 145 °C. At the lower temperature the material is in the semi solid form
and as reported previously at a temperature of 7'= 125 °C, the mass uptake is
essentially linear (Gao et al. 1990). At the higher temperature of 7' = 145 °C, the
material is in the molten state and the weight uptake data reported here follows a £
response.

(@) Parameter determination

The diffusion response is controlled by the equation D = D exp (k¢) and we
required information on both D, and k. This can be obtained using chemically
crosslinked samples. vaMMPE discs of diameter of 25 mm and thickness of 1.0 mm
were prepared in a melt press at a temperature of 7' = 180 °C. Initially, the reactor
powder (Hoescht Hosterlen GUR 415) was mixed with small quantities of a liquid
chemical crosslinking agent (Lupersol). The peroxide crosslinking agent caused
different levels of crosslinking depending on the initial concentration of Lupersol,
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Figure 10. Plot of solvent mass uptake as a function of #/1, for different crosslinking concentration.

Experiments carried out in decalin at 7' = 135 °C. W, = mass of solvent, W, = mass of polymer. +,
0.015% (w/w); m, 0.1% (w/w); a, 0.2% (w/w).

which ranges from 0.005-0.2 % mass Lupersol/mass polyethylene. The material was
held at 180 °C at 200 bar pressure for a few minutes ensuring the complete reaction
of the crosslinking agent. The samples were annealed at 7' = 135 °C and the swelling
behaviour of the samples monitored by measuring the subsequent mass uptake as a
function of time. Data for three different concentration levels are shown on figure 10
and this data shows that initial mass uptake follows a # dependence and that in each
case a final equilibrium swell ratio is reached. Because of crosslinking in all cases
tested, the effect of residue crystallinity is negligible and rubber-like swelling is
observed over all concentrations tested.

From Fick’s law the average diffusion coefficient D$ can be derived from each of
these sorption curves (Crank 1975)

NS — 172
Dp—ﬁﬂl,

where [ is the normalized slope of the initial curve, i.e.
= W/ Wee) [O(E/1y),

where W, and W,, are the weight of solvent absorbed at time ¢ and ¢ = oo respectively.
The absolute diffusion coefficient can be obtained using the relation

. D . o

Dy = 0t0p and D = 1/¢0J0 D(¢)d¢
and a plot of D¢, against ¢, as shown in figure 11. The data given in figure 11 is fitted
to an exponential, and differentiation of this curve gives the experimentally
determined values of D = 2.55 x 107® mm? ™! and k = 8.3. These are the values that
will be used in the simulation for experimental comparison at 135 °C. We estimate
the precision of this data is within 10-20% and fluctuation within this bound

t 1 bar = 10° Pa.
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Figure 11. Plot of D¢ against ¢ obtained from data given in figure 10.
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Figure 12. Plots of complex viscosity #* plotted as a function of angular frequency o for different
solvent loadings. 7' = 135 °C. Rheometrics RDS I, parallel plate, strain = 5%. ¢, =0.083 (+),
0.1062 (=), 0.1376 (a), 0.1793 (0), 0.3108 (a).

will not significantly affect the subsequent simulation. For data at the higher
temperature of 7'= 145 °C values were estimated using the Arrhenius relation
D, = Aexp(—E,/RT), where E, is the apparent activation energy, and for
polyethylene its value is about 17 kcal mol™ (Kreituss 1981).

Rheological data on the swollen material was obtained using a Rheometrics
RDS IT mechanical spectrometer. Oscillatory linear viscoelastic data was determined
over a frequency range of 1-500 rad s~'. Measurements were made for UHMMPE
samples containing swelling solvent at different solvent loadings, in a similar way to
that determined in Gao & Mackley (1991). Experiments were carried out at
T = 135 °C and this caused difficulties in relation to solvent evaporation during the
experimental duration. Because the experimental measurement time was restricted
for each sample a narrower range of frequencies was used (1-500 rad s™!) than would
normally be the case.

The complex viscosity response of the swollen vHMMPE is shown in figure 12.
Taking the complex viscosity at o = 1 rad s as corresponding to the zero shear
viscosity, this viscosity is plotted as a function of solvent volume fraction on a
logarithmic plot in figure 13. From this the viscosity relation y = 5, exp (—mg) was
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Figure 13. Plot Iny* against ¢ taken from data given in figure 12.
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Figure 14. Plot of storage modulus G as a function of angular frequency w for different solvent

loadings. 7' = 135 °C. Rheometrics RDS 1L, parallel plate, strain = 5 %. Symbols as figure 12 with
0.1973 (o).
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Figure 15. Plot of mean elastic modulus as a function of polymer volume fraction. A, data from
figure 14. Full line is best square fit of Treloar equation (equation (14)).

shown to hold and the parameter 5, =2x10° Nsm™ and m = 13.4 determined
directly from the data. We estimate accuracy to be of the order of 20% and again
variation within range will not have a major effect on the simulation results
presented here.

The elastic response of the material is shown in the storage modulus data plotted
in figure 14, shown here as a function of angular frequency and at different solvent
loadings. The modulus is only weakly dependent on frequency and an average value
over the range plotted was taken as a representative value for each of ¢ shown. This
modulus is plotted in figure 15 as a function of (1—¢) and a best fit value of the
Treloar equation (Treloar 1976) for swollen crosslinked rubbers is fitted to the data.
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Figure 16. (a¢) Time evolution of concentration profiles. Viscoelastic diffusion
Dy, =25x10"°mm?*s!, 5,=2x10°Pas, £=8.3, m=134, 7=2000s, ¢/¢,=0.3. (b) Time
evolution of volume uptake. ——, Numerical data; @, experimental data. 7" = 135 °C.
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Figure 17. (a). Time evolution of concentration profile. Generalized fickian diffusion,
Dy =4x10"°mm?s!, k= 8.3. (b) Time evolution of volume uptake. ——, Numerical data; a,

experimental data. 7' = 145 °C.

The results show that equation (14) given in the modelling section of the paper is
consistent with the results and a value of ¢;, = 1.05x 10 N m™? is obtained for this
system.

(b) Swelling data and comparison with simulation

Swelling experiments were carried out in a manner described in (Gao ef al. 1990).
The preweighed tHMMPE discs were immersed in a bath of decalin held at constant
temperature. After a prescribed period, the sample was removed from the solvent
using a light metal hook and the sample mass was measured using a microbalance.
The subsequent mass against time plot was extrapolated to zero time and after
subtraction of the hook mass the swollen mass of the sample was determined. Figures
165 and 17b show the mass uptake kinetics for tHMMPE at temperature of 135 °C and
145 °C respectively. The points without lines running through them represent the
experimental data. It can be seen that at 7' = 135 °C the early mass uptake kinetics
is linear. This behaviour corresponds well to earlier reported data (Gao et al. 1990)
on swelling data at 125 °C. At the higher temperature of 7' = 145 °C the mass uptake
kinetics is faster and follows a # dependence.

The accompanying numerical simulations shown in figures 16 and 17 were
constructed using the experimentally determined parameters given in the previous
section. At T'= 135 °C as shown in figure 16, the experimentally determined para-
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meters of Dy =2.5%x107° mm?s™!, k=83, 5, =2x10° Pas, m = 13.4, 7, = 2000 s
were chosen a value of ¢/¢, = 0.3 selected. Although the numerically predicted mass
uptake kinetics shown do not agree exactly with the experimental results, but
linear kinetics and the correct order of magnitude for slope are observed. In figure
1656, the linear uptake for both simulation and experiment are shown. From our
experimental observations the solvent fronts meet at the centre at a value for ¢//3 of
about 800 s mm 2. This data shows clearly that there is a régime where linear kinetics
exist well beyond the position where the fronts have met both according to
experimental observations and numerical simulation.

For the high-temperature data we find that the diffusion coefficient has increased
marginally and the viscosity decreased sufficiently for fickian diffusion to dominate
the problem and in this case generalized fickian diffusion with D = 4 x 107° mm? ™%,
and k£ = 8.3 is able to describe the mass uptake results. The inclusion of viscous and
viscoelastic effects appropriate to this temperature would make negligible difference
to the profiles that are shown.

5. Discussion and conclusion

We have developed a self-consistent model for swelling and diffusion of polymers
that extends the earlier work of Crank (1975) and Thomas & Windle (1982). The
model successfully describes mass uptake kinetics both in a low temperature linear
régime and in a higher temperature # régime. In addition we have presented
concentration profiles for the time evolution of solvent ingress. Experimental data on
concentration profiles for comparison is not yet available. However, the technique of
imaging NMR has already been shown to have the potential for quantitative
experimental comparison (Webb & Hall 1991).

The numerical model that has been constructed appears to predict a broad range
of diffusion response from linear to # kinetics and sharp or diffuse fronts. The
parameters used in the modelling have been determined from independent diffusion
and rheological measurements and consequently the utilization of, for example, a
least square best fit method to determine the adjustable parameters has been
avoided. We have previously reported that for tnMMPE, swelling continues to occur
after the fronts have met at the centre of the sample (Mackley & Solbai 1987) and
our experimental results here also show that trend at 7' = 135 °C. The viscoelastic
diffusion model we have developed shows consistent agreement with this behaviour
for the low temperature simulation.

It is clear from rheological studies (Ward 1971; Ferry 1980; Baumgaertel et al.
1990) that a broad range of relaxation processes may be anticipated in both the solid
state and liquid-like viscoelastic response of a polymer. We have modelled the
material with a limited number of parameters and this approximation appears to
predict behaviour adequately although clearly there is scope for further refinement.
The modelling could also relate to low volumetric uptake such as PMMA at room
temperature as well as the ‘super high’ uptake reported here for uHMMPE and in
aqueous systems where super absorption has been reported for hydrolyzed starch-
graft-polyacrylonitrile (Maselkar et al. 1989). The work is also relevant to drug
release diffusion (Vergnaud 1991) and a number of other areas such as ultrafiltration
at polymer membranes where diffusion and swelling can occur.

Finally, it should be noted that the modelling carried out in this paper has been
one dimensional where diffusion in linear or cylindrical symmetry coordinates can be
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readily handled. Extension to multidimensions and the addition of anisotropy would
obviously add further complexity, although in principle their implementation is
straightforward.

We acknowledge the Cambridge University Chancellor’s Fund, British Technology Group and
DSM for their support during the duration of this work.
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