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Synopsis 

Experimental observations are reported of the behavior of solutions between two rotating par- 
allel rollers where the form of the flow field between corotating rollers corresponds to that of a 
col which has nonorthogonal asymptotes. The obliquity of the asymptotes of the flow gives a di- 
rect measure of the relative magnitude of the constituent pure shear and rotational components 
of the flow field. 

Flow birefringence observations of polyethylene oxide solutions between the corotating rollers 
show that molecular orientation is limited to a highly localized region near the “outgoing” as- 
ymptotic sheet of the flow field in accordance with the predictions of a “persistent extensional 
flow” analysis presented. Counterrotating rollers show no flow birefringence also as expected. 

With increasing 
strain rate using corotating rollers the obliquity of the asymptotes of the flow remains constant 
for the Newtonian fluid but changes significantly for the polymer solution. 

The behavior of polymer solutions and Newtonian fluids are compared. 

INTRODUCTION 

It has been shown recently1 that in a pure shearing velocity gradient which 
was generated experimentally using a “Taylor four roll the observed 
flow birefringence of a polymer solution was localized in a region along the 
“outgoing” symmetry plane of the flow field. It was concluded that the bire- 
fringence corresponds to a region in which polymer chains are highly extend- 
ed. The localization was interpreted as a consequence of the polymer mole- 
cules requiring sufficient time to become extended; alternatively stated, it 
was only fluid elements which pass close to the “outgoing” symmetry plane of 
the flow which underwent sufficient strain to cause high extension of the 
polymer molecules within them. 

For more general flow fields, with additional possibility of rotation the con- 
cept of “persistently extensional flow” was developed as a necessary condi- 
tion for achieving high chain extensions.1 

By breaking the high symmetry of the four roll mill by using only two roll- 
ers, we have discovered a two-dimensional flow configuration which enables 
us to examine experimentally the effect of additional rotation on a pure 
shearing velocity gradient, thereby extending the scope of observations made 
with the four roll mill and providing further information on persistent ex- 
tensional flow. 
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THEORY 

Consider the flow between two corotating rollers as forming a col where the 
asymptotes of the flow are nonorthogonal, as shown schematically in Figure 
1. 

In the absence of turbulence we have here a constant two-dimensional in- 
compressible flow which can therefore be represented by a stream function @ 
such that the velocity 

v = (u,,uy,u,) = (- *,+ -,o) a@ 
ay ax 

where 

Thus 

and by the symmetry of the situation, with a centrally chosen origin @ must 
be an even function of position, well approximated in the neighborhood of the 
origin by quadratic terms only, and with a suitable choice of orientation of 
axes expressible as 

@ = Ax2 + By2 (2a) 

(2b) = %w(x2 + y2) + %S(x2 - y2) 

Fig. 1. Schematic diagram of idealized flow between two corotating rollers. 
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Equation (2) shows that this flow field is a superposition of a uniform rota- 
tion and a uniform pure shear. The vorticity is 

(5) 

The principal strain rates (extrema of i / r ,  where r = ( x 2  + y2)l l2)  are f S  in 
the directions y = fx. Flow lines, 4 = constant, are ellipses if AB > 0, and 
hyperbolae if AB < 0. There are radially asymptotic flow lines, with outward 
and inward flow, respectively, in directions defined by 

r X v = O  (6) 

w = % curl v = (O,O,w) 

hence 

Y / X  = &(-A/B)'/' = f (S  - o ) / ( S  + u ) " ~  (7) 

= f t a n  a 

Equation (7) has real solutions only if 

0 5 AB = Y!(w - S)(w + S )  

i.e., 

s 2  5 w2 

The two limiting cases w = &S (i.e., B or A is zero) correspond to straight 
parallel flow lines representing a simple shearing flow. 

It follows from eq. (8) that 

sin2 a = A / ( A  - B ) ,  cos2 a = - B / ( A  - B )  (9) 

so that we have another convenient expression for the flow function: 

4 = S(x2 sin2 a - y 2  cos2 a) (2c) 

giving 

v = S(2y  cos2 a,2x sin2 a,O) 

Of much more importance to us than the principal strain rate S is what we 
shall call the persistent strain rate c. If S2 5 w2, any fluid line not initially 
in the orientation of one of the asymptotic directions y/x = f tan a progres- 
sively rotates towards the orientation of the outgoing asymptote y /x  = + tan 
a. Its strain rate thus asymptotically approaches the strain rate in this direc- 
tion: 

(r = ur/r = U J X  = 2 s  cos2 a ( y l x )  

= S sin 2a ( 1 0 )  

We also have, from eqs. (3) and (9) 

w = -s cos 2 a  ( 1 1 )  
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The vector joining an arbitrary pair of fluid points, 
6r = Gr(cos 8,sin 0,O) 

6r x 6v/l6rq = 2S(O,O,cos2 e sin2 a - sin2 d COG a)  

rotates with angular velocity 

= (O,O,-2s sin (0 + a)  sin (0 - a) )  (14) 
Thus, if S2 5 w2, 0 proceeds asymptotically to LY (or to a + T, which is not 
physically different), and the extension rate of the fluid line 6r proceeds 
asymptotically to u, either monotonely, or after an initial drop to -S, accord- 
ing to its initial orientation. 

Alternatively stated, in any fluid element there are two directions along 
which the strain rate is constant and of magnitude fa, fluid lines in these di- 
rections holding their direction constant. The direction of positive extension 
is the more important because all other fluid line directions tend to this same 
direction, and their strain rates to this same strain rate. Any fluid line 
achieving high extension, e.g., of the order of 100 as required for the full ex- 
tension of a long chain polymer molecule of molecular weight of order 106, 
will have been extending at  a rate very close to u for much the greatest part of 
the preceding time. 

When we have a persistent strain rate u, high chain extensions can be ex- 
pected provided UT > 1, where r is the longest relaxation time for molecular 
configurati~n.~?~ In a similar way to the four roll mil1,l high chain extension 
will only be reached near the “outgoing” asymptotic sheet of the flow field 
because of the additional necessary condition, at >> 1, where t is the time that 
the chains have been in a flow field of this form, making the assumption that 
they entered it after a time greater than r in a flow field not inducing high ex- 
tension. 

From eq. (12) it can be seen that the magnitude of the persistent strain rate 
progressively decreases as w increases from w = 0 to w = S. We note for the 
much studied case of simple shear in which w = S the persistent strain rate is 
zero so that high chain extension of polymer molecules is not possible. High 
extension is likewise impossible in flow fields with w > S. When w = 0, u = S 
and the flow field reduces to the pure shear flow of the four roll mill where 
the asymptotic angle 2a = ~ / 2 .  

Flow fields of the form described above have been thoroughly examined by 
Giesekus4 and also by Marucci and A ~ t a r i t a . ~  Our quantity u corresponds in 
the analysis of Giesekus to the eigenvalues A12 of the uniform velocity gradi- 
ent tensor and in the analysis of Marucci and Astarita to their quantity 6. 

EXPERIMENTAL 

Using two vertical corotating rollers of length 11 cm, diameter 1.8 cm, and 
separation between centers 3.6 cm, observations of the flow field generated 
between the rollers were made for a 1% solution of polyethylene oxide (M, = 
5 X lo6) in water. In order to observe the flow field, small particles were in- 
troduced into the solution and illuminated by a thin horizontal plane beam of 
light. Optical observation of the scattered light from the particles was made 
from below. 
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Fig. 2. Streamline photograph of flow of 1% polyethylene oxide water solution between coro- 
tating rollers. o = 12.6 rad sec-'; roller diam = 1.8 cm; distance between centers = 3.6 cm. 
Sense on roller rotation indicated by arrows. 

STREAMLINES 

Figure 2 shows the streamline photographs taken for an angular velocity 
for both rollers of 12.6 rad sec-'. The sense of each corotating roller is indi- 
cated by arrows. The symmetrical flow containing a saddle point is clearly 
seen but symmetrically curved asymptotes show that the flow function repre- 
senting this flow contains terms of higer even order, as well as quadratic 

Fig. 3. Streamline photograph of flow between counterrotating rollers; other details as in Fig- 
ure 2. 
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For the case shown the asymptotic angle, taken as the angle between asymp- 
tote tangents at their point of intersection, is 2a 148” giving from eq. (11) 
w / S  = 0.84. 

Figure 3 shows the streamlines produced between counterrotating rollers 
using the same angular velocity 12.6 rad sec-l as in Figure 2. Again the flow 
field is symmetric but the flow pattern is of a different nature to that of the 
corotating rollers. The presence of a neutral point for corotating rollers and 
its absence for counterrotating rollers is of basic importance. 

A flow pattern similar to that shown in Figure 2 for the corotating rollers 
was obtained by Giesekus4 using a “four roll mill” where the sense and rate of 
rotation of diagonally opposite pairs of rollers could be varied. 

FLOW BIREFRINGENCE 

Flow birefringence observations were made using an identical optical sys- 
tem to that used for the four roll mi1l.l The polymer solution (with no scat- 
tering particles) was viewed between crossed polaroids. A plane-polarized 
parallel beam of light was passed between and parallel to the rollers, entering 
the solution through an optically flat glass-bottomed tube which removed 
surface meniscus distortions. The transmitted light was viewed from below 
after passing through an analyzer. I t  should be noted that because of the 
presence of the glass tube the field of view of the flow birefringence pictures 
is somewhat less than that of the streamline photographs shown in Figures 2 
and 3. 

Figures 4 and 5 show the observed flow birefringence effects for co- and 
counterrotating rollers, respectively. The photographs were taken viewing a 
depth of 10 cm of solution using the same concentration of polymer and an- 
gular velocity of rollers as previously used in the flow field studies. 

Figure 4 shows the striking localized flow birefringence seen for corotating 
rollers. Comparing Figures 2 and 4 it can be seen that the birefringence is 

Fig. 4. Flow birefringence between corotating rollers; details as in Figure 2. 
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concentrated along the “outgoing” asymptotic sheet of the flow field. Figure 
4 was taken with the polaroids crossed at  approximately 45O to the “outgo- 
ing” asymptote. When the polaroids were placed either approximately par- 
allel or perpendicular to the asymptote no birefringence was seen, indicating 
that molecular orientation, manifest by flow birefringence, is limited only to 
the “outgoing” asymptote. Using a first-order wave plate it was established 
that the molecular chain axis of the oriented molecules was parallel to the 
“outgoing” asymptote. The intensity of the birefringence was observed to 
increase with increasing angular velocity of the rollers although the width of 
the birefringent region remained essentially constant. 

In sharp contrast to Figure 4, counterrotating rollers in Figure 5 show no 
flow birefringence for any orientation of the crossed polaroids. The weak 
lines which are visible are flow lines visible because of slight concentration 
differences in the solution. 

The flow birefringence observations are consistent with our expectations. 
For corotating rollers the obliquity of the asymptotes tells us from eq. (10) 
that there is a persistent strain rate of relative magnitude ulS = 0.53. 

We may make an approximate estimate of S by assuming that the fluid ve- 
locity given by eq. (4c) matches the peripheral velocity of the rollers a t  their 
closest approach to the origin (thus neglecting higher than quadratic terms in 
the flow function). This gives S = 6.8 sec-l and thus u = 3.6 sec-I. 

If there is a persistent strain rate then provided UT > 1 and ut >> 1 are sat- 
isfied high chain extension will be observed. The condition ut >> 1 will be 
satisfied very close to the outgoing asymptote of the oblique col flow in an 
analogous way to the four roll mil1,l and as we observe birefringence, presum- 
ably ur > 1 is also satisfied. 

For the case of counterrotating rollers it can be seen that though there is a 
strain rate of similar order of magnitude, and no rotation, because of the ab- 
sence of a neutral point the condition ut >> 1 cannot be satisfied in any region 
of the flow, thus high chain extension and corresponding flow birefringence is 

Fig. 5. Flow birefringence between counterrotating rollers. 
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(C) (4 
Fig. 6. Streamline photographs of water-glycerol solution between corotating rollers. See 

Table I for details. 

impossible. For the roller geometry used, maximum strains of less than two 
would be achieved, which are insignificant when remembering that strains 
necessary to stretch polymer molecules to a high degree are typically lo2 or 
greater. 

NON-NEWTONIAN BEHAVIOR 

Figures 6 and 7 show a series of streamline photographs taken between co- 
rotating rollers for Newtonian and polyethylene oxide solutions, respectively. 
The shear viscosity of the Newtonian fluid (glycerol in water) was matched to 
that of the polymer solution (-5 poise). The photographs are taken for in- 
creasing roller angular velocity. Table I gives the angle of obliquity of the as- 
ymptote intersection measured from each photograph. It can be seen that 
the angle of obliquity for the Newtonian fluid does not change with increas- 
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(C) (4 
Fig. 7. Streamline photographs of polyethylene oxide solution between corotating rollers. See 

Table I for details. 

ing rotation rate, thus from eq. (11) w / S  is a constant independent of roller 
rotation rate. 

The angle between asymptotes must depend on the size and distance apart 
of the rollers. The steady laminar flow around a rotating cylinder in a much 
larger vessel is essentially irrotational, like an ideal vortex. The superposi- 
tion of two such flows must give w = 0 at the saddle point as elsewhere, and 
therefore 2a = ~ / 2 :  but the interference of each roller with the flow field of 
the other generates vorticity making 2a > ~ / 2 ,  increasingly as they are 
brought closer together. If the rollers were nearly touching each other the 
flow condition between them would approach that of simple shear, w / S  would 
approach unity, and 2a approach T.  If the rollers were separated by a large 
distance w / S  would approach zero and 2a approach a/2. The dimensions of 
our apparatus appear to give a convenient intermediate situation. 

From Table I we see that the angle of obliquity for the polyethylene oxide 
solution is a little larger than that of the Newtonian fluid at low roller rota- 
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TABLE I 
Details of Figures 6 and 7a 

Water + glycerol 

Fig. 6a Fig. 6b Fig. 6c Fig. 6d 

Roller rotation rate, 

Asymptotic angle 201, 
rad sec-' 1.5 6.3 12.6 18.8 

degrees 123 123 120 122 

1% Polyethylene oxide in water 

Fig. 7a Fig. 7b Fig. 7c Fig. 7d 

Roller rotation rate, 

Asymptotic angle 2a, 
rad sec --I 1.5 6.3 12.6 18.8 

degrees 129 135 148 145 

a All angles are subject to an estimated error of f 3". 

tion rates; with increasing rotation rates the obliquity increases further; in- 
creasing the difference from the Newtonian fluid. From eq. (11) this tells us 
that wIS  increases with increasing roller rotation rate. Thus either the pure 
shear component S decreases, or the rotation rate w of the flow field in- 
creases, or both. 

Using the approximation we employed above for estimation of S, we have 

A = S sin2 a = %.or ald 

where wr is the rotation rate of the rollers, while B = S cos2 a is free to vary. 
We also have 

w = -S cos 2a = -A cos 2alsin2 a 

= A ( l  - Cot2 a) 

Thus, with fixed A,  an increase in a signifies both a decrease in S and an 
increase in w. This conclusion is not rigorous, because of neglect of higher 
order terms in the flow function, and we need to make velocity measurements 
to be sure of it. It is nevertheless plausible that high extension of the poly- 
mer chains should cause both of these changes. The observed birefringence 
shows that chains have locally become highly extended, and t h e m 9  shows 
that this must cause a strong local rise in extensional viscosity, which must be 
expected ia decrease S. The nonzero value of w is attributed to the presence 
of an obstacle (the other roller) in the flow field of either roller acting singly, 
and the region of enhanced extensional viscosity constitutes a second obsta- 
cle, which can credibly increase w. 

CONCLUSION 

We believe flow fields as generated by corotating roliers offer an excellent 
facility for observing the behavior of polymer solutions in well-defined veloci- 
ty fields which are intermediate between simple shearing and pure shearing 
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flows. The understanding of the behavior of polymer molecules in such flow 
systems should help in obtaining additional information about the nature of 
polymers themselves and also assist in interpreting their behavior in more 
complex flows such as turbulence. 
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