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The Matching of Experimental Polymer Processing
Flows to Viscoelastic Numerical Simulation

This paper describes work carried out in order to match experi-
mental processing flows to numerical simulation. The work has
brought together a consortium that has developed reliable ex-
perimental methods by which processing flows can be achieved
in the laboratory and then ranked against numerical simula-
tion.

A full rheological characterisation of a selected range of
polymers was made and the results compared from different la-
boratories. The data was fitted to a number of rheological mod-
els. Multi-mode parameter fitting was universal for the linear
viscoelastic response. Particular attention was paid to the non
linear response of the material. Prototype industrial flow ex-
periments were carried out for a number of geometries in dif-
ferent laboratories and the flow birefringence technique was
used to map out the experimentally observed stress fields for
different polymers in a range of complex flows that contained
both extensional and shear flow components. Numerical simu-
lation was carried out using a number of algorithms and a
range of constitutive equations.

In order to make a quantitative comparison between experi-
ment and simulation, an Advanced Rheological Tool (ART)
module was developed that was able in some cases to quantify
the level of fit between the numerically predicted and the ex-
perimentally observed stress patterns. In addition the ART
module was able to optimise certain non-linear parameters in
order to improve the quality of fit between experiment and sim-
ulation.

1 Background

Polymer processing is now a highly sophisticated and impor-
tant commercial process, where typical annual world manufac-
ture for bulk polymers such as polyethylene is of order 160 mil-
lion tonnes. It is therefore increasingly important that both
resin manufacturers and polymer converters have the ability to
simulate, and thereby understand, the complexities of polymer
manufacture in order that processes can be properly designed
and optimised.

Coupled with the growth in size and scale for polymer fabri-
cation, the last two decades, in particular, have seen significant
advances in the science of polymer processing. With the advent
of reliable and sophisticated rheometers, rheological character-
isation has become more advanced and with this, advances in
rheological constitutive equations have also occurred, see for
example [1, 2, 3, 4]. In addition, this period has also seen the
spectacular development of numerical techniques that now
make it possible to solve complex constitutive equations for
complex flow geometries [5, 6, 7, 8, 9, 10, 11, 12]. It is now
possible to model genuine engineering flows using complex
viscoelastic simulation and it is this aspect that is of direct con-
cern to this project and paper. In this paper we report on the
progress that has been made to match the simulation of ªproto-
type industrial flowsº with their laboratory counterparts. In ad-
dition we develop a way in which the quality of fit can be quan-
titatively assessed and also develop a method for the
optimisation of certain constitutive parameters.

The work clearly builds on a large scientific literature relat-
ing to the characterisation and modelling of viscoelastic flows.
The idea of matching simulation with experiment is relatively
new. Early work by [13, 14, 15, 16], all represent landmarks
in the evolution of applying advanced numerical modelling to
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genuine processing situations. In all cases the method of rheo-
logical characterisation, the choice of constitutive equation
and the choice of numerical techniques were all crucial aspects.

A team was formed to tackle this problem and the authorship
of this paper gives an outline of the teams and also the main
people involved in each of the centres. In this paper the evolu-
tion of work will be described in the following sections. In sec-
tion 2, the important issue of characterisation and constitutive
equations was considered. This raised many interesting experi-
mental and modelling issues, some of which will be briefly
considered in the section. In section 3, the development of a
number of laboratory ªprototype industrial flowsº will be de-
scribed and the diversity of different apparatus enabled a broad
range of processing flow situations to be explored. In section 4,
the numerical techniques used by different team members will
be introduced. Section 5, contains the development of the ªAd-
vanced Rheological Toolº (ART) which is the numerical tool
that is able to rank numerical simulation against experimental
observation and also optimise certain rheological parameters.
Finally in section 6 we review our findings and give future per-
spectives for the subject.

2 Rheological Characterisation and Choice of
Constitutive Equation

The choice of an appropriate constitutive equation and the way
the rheological parameters of the constitutive equation are de-
rived from experimental data is central to the ability to success-
fully model a viscoelastic flow process. The classic way that
this has been used in the past is to choose a particular constitu-
tive equation and then fit the model to certain rheometric data.
A well known early example of this approach is the work by
Wagner and Laun [17], where they fitted linear viscoelastic os-
cillatory data to a multi mode Maxwell model and then
matched non linear step strain data to an Integral Wagner con-
stitutive equation. Others, such as [18, 19]; have fitted data to
the differential multimode PTT, Phan Thien Tanner [20] or
Giesekus [21] models and more recently models such as the
Pom Pom [3, 22, 23, 24] and Molecular Stress Function [25,
26], have been used. In each case the model fitting parameters
are established from rheometric, rheological experimental
measurements that are separate from any particular commer-
cial flow process.

As an example of classic rheological data, two sets of data
are shown in Figs. 1 and 2. In Fig. 1, linear viscoelastic data
(LVE) is presented. The link between the relaxation strength
gi of a Maxwell model and the storage and loss modulus G0
and G00 is given by the equations.

G0 �
X gik

2
i x

2

1�k2
i x

2
ÿ � ; G00 �

X gikix

1� k2
i x

2
ÿ � ;

where ki is the relaxation time for each elastic element gi. The
fitting of the data to this model presents certain difficulties be-
cause it is a well known, ªill posed problemº with no unique
solution [27, 28]. A choice has to be made whether to use a
continuous or discrete spectrum and up to now, a discrete spec-
trum has been generally chosen. A choice then has to be made
in terms of how many relaxation modes are chosen and how

the fitting of the model parameters is carried out. There are a
number of different approaches but a pragmatic route is to
choose say between 5 to 10 modes and use a least squares fit-
ting routine. Many oscillatory rheometers have associated soft-
ware packages that will perform these calculations automati-
cally. Fig. 1 is an example of the type of data used to fit the
linear viscoelastic relaxation modes. In general a good fit can
be obtained, but it must be remembered that the parameters de-
rived for the relaxation spectrum are not unique. Within the
ART project we found that there was good agreement to within
say 5 %, for LVE data obtained from different laboratories and
from different rheometers. Fig. 1 shows different sets of data
obtained from different laboratories. The greatest limitation
appears to be the frequency range that can be explored by any
one machine, however to some extent the use of time tempera-
ture superposition can overcome this difficulty. In general we
are of the opinion that LVE data obtained from small strain os-
cillatory experiments is reliable and not subject to severe un-
certainty.

4 Intern. Polymer Processing XVII (2002) 1

Fig. 1. Comparison of linear viscoelastic data for polyethylene at
190 °C, obtained from three laboratories: IKT, Stuttgart, Germany;
Eindhoven Technical University and Dow, Terneuzen, The Netherlands

Fig. 2. Extensional uniaxial viscosity data obtained for polyethylene
at 190 °C. This was the type of rheometric data used to fit non linear
model parameters, see for example [12]
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The fitting of non linear parameters from rheometric data is
a very much more challenging problem and there are still open
issues in relation to the most appropriate experimental data and
constitutive equation to use. Fig. 2 shows the fitting of some
uniaxial extensional data to a rheological model and it is this
general area that we have experienced greatest diversity for
both the measurement and modelling of polymer melt flow.

An objective of the ART module was to overcome some of
these difficulties by fitting the non linear rheology to flow bire-
fringence data obtained from mixed (both shear and elonga-
tional) flows. Clearly the parameters obtained by the ART ap-
proach will need to give self consistency with the rheometric
non linear experiments. However we believe that the use of
more general deformations to obtain non linear parameters
may result in greater final accuracy for the prediction of pro-
cessing flows.

Progress has been made in the constitutive modelling of the
rheology of polymer melts. The Technical University of Eind-
hoven, The Netherlands, have concentrated on the improve-
ment of differential models [24], while the IKT, University of
Stuttgart, Germany, have advanced the predictive capabilities
of integral models [25].

3 Prototype Industrial Flows (PIF)

In order to fit a chosen rheological constitutive equation to a
general processing flow it was necessary to develop a series of
experimental prototype industrial flows, where laboratory
scale experiments could be carried out and flow birefringence
and other data obtained. This article reviews four geometries
that were used and discusses the reasons behind their particular
choice. The geometric configuration of each geometry is sche-
matically shown in Fig. 3.

3.1 The Smooth Convergent Die (SCD)

The CEMEF laboratory at Sophia Antipolis, Ecole des Mines
de Paris, France, have been working on a ªtwo dimensionalº
slit die configuration that includes a smooth entry convergent
flow [29, 30]. This flow geometry is shown schematically in
Fig. 3 and a flow birefringence example is given in Fig. 4. The
smooth convergent die (SCD) flow contains a shaded area
shown in Fig. 3 where the flow is essentially extensional. The
smooth convergence avoids experimental and numerical diffi-
culties associated with sharp edges and in addition extends the
region of the extensional flow. High quality images of the flow
birefringence for different polyethylenes have been obtained
for different screw extruder mass flowrates

3.2 The Cross Slot Apparatus (CSA)

Eindhoven Technical University, The Netherlands, have pio-
neered the use of the Cross Slot Apparatus (CSA) for the quan-
titative measurement of flow birefringence for polyethylene in
pure extensional flow [31, 32, 11]. A schematic diagram of
the geometry is shown in Fig. 3 and a diagram of the observed
birefringence and matching simulation for an extended Pom

Pom model is shown for a sector of the flow in Fig. 5. The flow
at, and near the central stagnation point of the flow is pure elon-
gation and because there is a stagnation point at the centre of
the flow geometry, the level of strain subjected to material ele-
ments increases inversely with distance from the exit symmetry
plane. This means that with this geometry it is possible to ex-
plore very high strains in an extensional deformation.
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Fig. 3. Schematic of four prototype industrial flow (PIF) geometries
showing shaded extensional flow regions for each geometry

Fig. 4. Experimental and matching numerical simulation data for the
smooth convergent die geometry (CEMEF, Ecole des Mines de Paris,
Sophia-Antipolis, France) of HDPE, Stamylan HD8621, T = 190 °C,
see [29] for further details
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3.3 Rheotens Extensional Rheometer (RER)

IKT, University of Stuttgart, Germany, have investigated the
rheology of the Rheotens extensional rheometer which is
shown schematically in Fig. 3 with data output shown in
Fig. 6 [33, 34, 35]. The Rheotens involves a processing extru-
sion flow followed by a very controlled fibre draw down
(FDA) of the molten polymer filament. For this experiment, it
is not possible to follow the stress distribution by flow birefrin-
gence techniques. In this case, as shown in Fig. 6, the drawn
down tensile force is therefore measured as a function of the
different differential draw down velocities between the die exit
and the draw down wheel. The apparatus is capable of generat-
ing very high elongational rates and is of course very similar to
a classic commercial fibre-spinning operation.

3.4 The Double Cavity Die (DCD)

Cambridge University have been developing a double piston
Multipass rheometer [36, 37] and they have used this for flow

birefringence studies of small quantities of polymer.
They have chosen to follow the time dependant flow
birefringence of polyethylene flowing backwards
and forwards through a Double Cavity Die (DCD) of
the type shown schematically in Fig. 3 and in reality
by Fig. 7. Two servo hydraulically driven pistons
force molten polymer in both directions through two
cavities and the difference in the observed stress
fields between the first and second cavity has been
found to be particularly sensitive to the molecular ar-
chitecture of the polyethylene under study [38].

4 Numerical Simulation

Modelling viscoelastic flow in complex geometries,
such as the (PIF) geometries remains a challenging
problem and in particular handling convergence diffi-

culties at high Weissenberg numbers and stress singularities at
sharp corners, have been two major difficulties in the past. Ac-
curate finite element methods have now however been devel-
oped which allow the solution of generic constitutive equations
such as (Oldroyd B ± Phan Thien Tanner; and others) in 2D
geometries. Finite element numerical codes (FENC) are now
used successfully for more realistic constitutive equations that
capture many of the characteristics of polymer processing flow.
In this paper we describe three FENC which have been used in
the ART program: Polyflow is a commercialised program from
the Fluent group. Venus is a code that has been developed at
Eindhoven University, and Seve 2 a code developed at CE-
MEF/Ecole des Mines de Paris. Some of these FENC are cur-
rently being extended to 3D viscoelastic flow computations,
but this aspect will not be discussed in this paper.

Details relating to each code can be found in the following
references. Polyflow [39, 40]. Venus [41], Seve 2 [18]. In this
paper we just describe some of the main features of each code
and their differences.

4.1 Form of Constitutive Equations

Polyflow is able to use both integral and differential
equations in 2D geometries [13, 42]; and differential con-
stitutive equations in both 2D and 3D geometries [43,
44], whilst Venus [41] and Seve 2 [18] use differential
constitutive equations. The differential codes are able to
march in time, however the integral code is at present a
steady state solver.

4.2 The Formulation of the Equations

Polyflow and Seve 2 solve directly the equations for the
mass balance, the force balance and the constitutive
equations as a three-field problem, (velocity, pressure
and extra stress components). In particular, for differen-
tial models, the 4 ´ 4 sub element interpolation with
streamline upwinding technique [7] as well as the EVSS
technique [6] are implemented in Polyflow, the latter
technique is available for both 2D and 3D flow simula-

6 Intern. Polymer Processing XVII (2002) 1

Fig. 5. Measured (top) and calculated (bottom) isochromatic fringe patterns for the
extended Pom±Pom model at We = 4.3 of LDPE, DSM Stamylan LD 2008 XC43,
T = 150 °C, lcn = 3.4294 [s], u2D = 3.1 [mm/s], see [12, 24] for further details

Fig. 6. Comparison of experimental (lines) and simulation (lines with symbols)
for, Rheotens curves of HDPE, DSM Stamylan , HD8621 for various flow rates,
die L/D = 15 (50 °C), see [35] for further details
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tions. Venus uses a DEVSS formulation (Discrete Elastic-Vis-
cous Split Stress) which consists of adding the rate of strain
tensor as an unknown and then solving a four-field problem
(velocity, pressure, extra stress and rate of stress) [12].

4.3 The Finite Element Discretisation

Polyflow and Venus use quadrangle and triangles meshes and
Seve 2 uses triangular meshes. In each case the compatibility
conditions between the approximation spaces (for velocity,
pressure and the different extra stress components) are assured.
For example Seve 2 uses a quadratic approximation for the ve-
locity, a linear discontinuous approximation for the pressure
and a quadratic discontinuous approximation for the extra
stress components. Similar features for the velocity and pres-
sure are available in Polyflow. However, the interpolation for
the viscoelastic extra-stress tensor depends on the selected al-
gorithm: a linear continuous interpolation for the elastic part
if the EVSS algorithm is used, and a quadratic or 4 ´ 4 subele-
ment interpolation otherwise.

4.4 Numerical Solution Techniques

In general, the classical Galerkin method fails for viscoelastic
flows because of the convective term (u.rTU) in the constitu-
tive equation and because of stress singularities. This leads to
a divergent numerical scheme even at low elasticity. Different
upwinding techniques have been introduced to account for the
hyperbolic character of the constitutive equations: Stream line
Upwind (SU) or Stream line upwind Petrov Galerkin (SUPG)
methods for Polyflow, Discontinuous Galerkin method for Ve-
nus and Seve 2.

4.5 The Numerical Solver

After discretisation, one obtains a set of non linear constitutive
equations which are solved either by a Newton method for dif-
ferential models or a decoupled method for integral models
(Polyflow), a quasi Newton method, (Seve 2), or a GMRES
method (Venus). Numerical solutions can be obtained from
each solver and in this paper the output is presented as contours
of principal stress difference for the different prototype indus-
trial flows being considered (see Figs. 4, 5 and 9).

5 The ART Module

We have established the performance of numerical simulation
by comparing the numerically predicted principal stress differ-
ence field with our experimentally observed flow birefringence
principal stress difference contours [29, 30]. The concept of a
ªcost functionº has been used in order to make a quantitative
comparison.

The cost function quantifies the difference between an ex-
periment (for example a birefringence pattern ± see Fig. 4 and
7) and a numerical result (for example a distribution of princi-
pal stress difference (see Fig. 4). In order to do this it is first ne-
cessary to derive a line contour pattern (skeleton) from the bire-
fringence and then to make a quantitative comparison between
the line wise experimental and numerical patterns. The work
described in this section is mainly from as yet unpublished
work from Nouatin [30].

5.1 Forming a Skeleton Birefringence Pattern

In general, it is not possible to identify all flow birefringence
principal stress difference contours for the whole flow. Diffi-
culties can arise in the down stream channel near the walls
and optical light contrast can vary over the field of view. We
therefore have to select flow zones where the comparison be-
tween experiment and computation is possible as shown in
(Fig. 8A). We divide this flow zone into several sub zones in
which the contrast of the photography is uniform. In each of
these sub zones we select a ªcritical grey levelª and then, using
a thresh-holding technique, derive a black and white pattern as
shown in (Fig. 8B). Finally in this black and white pattern we
choose the median line of each of the fringes to form a ªskele-
tonº of the birefringence pattern as shown in Fig. 8C.

5.2 The Comparison Technique

Assuming the validity of the stress optical law, one can derive a
stress pattern from the birefringence pattern (see for example
[45, 46, 47].

D � C r11 ÿ r22� �; (1)

D is the birefringence, r11 ÿ r22� � is the principal stress differ-
ence and C is the stress optical coefficient which is assumed to
be constant in the whole domain.

We now have two sets of line contour plots for the principal
stress difference, one experimental and the other numerical

IPP_ipp-1675 ± 7.6.02/druckhaus koÈthen
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Fig. 7. Comparison of the overall experimen-
tal flow-birefringence pattern for a MPR ex-
perimental birefringence pattern with the sim-
ulated PSD for LLDPE, Dow, MI = 1, with
flow conditions in a double cavity die of
1.84 g/min (apparent wall shear rate in the slit
~ 44 l/s) and 190 °C. The fringe pattern at cav-
ity 1 (mushroom shape) and cavity 2 (butterfly
shape) was captured by the Wagner model sim-
ulations. The increment of PSD contour lines
is 2.95 104 Pa (C, 1.74 10 ± 9 1/Pa), see [38]
for further details
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and these need to be quantitatively ranked against each other.
This was done using a normalisation technique developed spe-
cifically for this task.

The line contours for both experiment and simulation were
set as being black and between each adjacent contour line a
grey level was set that was proportional to the distance from
each line. In this way each coordinate point ij had a specified
grey level. This procedure was carried out for both the numeri-
cal and the experimental contours.

A normalised cost function F was defined that compared the
grey levels at different coordinate positions in the chosen sub
zone. The experimental birefringence pixel resolution was

taken for the appropriate coordinate dimensions.

F �

������������������������������������������������Xn

i�1

Xm

j�1

Gsim
ij ÿ Gexp

ij

� �2

Gexp
ij

� �2

vuuuut ; �2�

(i, j) are the pixels of the two normalised patterns, Gsim
ij is the

grey level of the normalised simulation pattern. Gexp
ij is the grey

level of the normalised experimental pattern.
In Fig. 9A an experimental birefringence pattern and a

matching numerical simulation is superimposed on each other.
The results are good, but not a perfect match and Fig. 9B indi-
cates the difference between the two patterns: if Fig. 9B is to-
tally white, the agreement is perfect, if Fig. 9B is totally black,
the agreement is very bad.

By computing the cost function defined above it is possible
to put a single number to the quality of the fit between experi-
ment and simulation.

5.3 Using ART to Optimise Rheological Parameters; the
Simplex Method

We are now in a position to use the cost function approach as a
tool for optimising certain non linear parameters in a constitu-
tive equation in order to obtain a best fit between the experi-
mental and numerical global stress field. This is done by testing
different constitutive parameters and obtaining a minimum to
the cost function.

Simulation has been carried out using a multimode Phan
Thien Tanner (PTT) constitutive equation of the form given be-
low.

r � ÿ pI� 2gs D �~u� � s; s �
X

i

si;

exp
eki

gv

tr si� �
� �

si � ki 1ÿ a

2

� �
sri �

a

2
sri

h i
� 2gvi D u� �;

(3)
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Fig. 8. Successive steps of the birefringence pattern image analysis for
the smooth convergent die
A: flow zones selection; B: image thresholding; C: image skeletisa-
tion and comparison with the initial pattern, see [29] for further
details

Fig. 9. Superposition of the experimental birefringence pattern and
the numerical computation (A), principal stress difference and (B) grey
level difference between the two patterns, see [29] for further details
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p is the pressure,~u the velocity field and D�~u�the rate of strain
tensor. gs is a ªsolvent viscosityª. ki and gi are the relaxation
times and the corresponding viscosities which were deduced
from dynamic shear measurements. The symbols sri and sDi de-
note the upper and lower convected derivatives of si.

The non linear parameters in the constitutive equation that
we wish to identify and optimise are coefficients a and e.

The simplex method [48] was used in order to perform the
minimisation of the cost function. The method needs only the
evaluation of the cost function by direct simulation for different
estimated parameters. After each step the set of parameters giv-
ing the highest value of the cost function is eliminated and re-
placed by a set giving lower values using the following specific
operators: reflexion, expansion and contraction. The procedure
is repeated until minimum value of the cost function is reached
and these values of (a, e) are then assumed to be the optimal.

5.4 The Application of ART

Results for a DSM polyethylene are given in this paper as one
example of how the ART model can be used to identify the
non linear parameters. The Multi mode (PTT) constitutive
equation was chosen and the discrete spectrum of relaxation
times and viscosities for this material are given in [29].

Three semi arbitary initial values of the non linear para-
meters
(a, e) (1. 2. 3. on Fig. 10) where chosen and the cost function
evaluated for each of these simulations. The cost function lies
between 22 and 23 %. Using these values and the simplex
method for optimisation, further iterations were carried out
and after convergence (point 9 in Fig. 10), the cost function
has reduced to 1.2 % and the agreement with the experimental
birefringence pattern is good, as shown in Fig. 4. It can there-
fore be seen from this one example that it is possible to opti-
mise certain parameters within the constitutive equation in or-
der to establish best fit values for the parameters. A further
test, to carry out, is to use the optimised parameters established
for one flow condition and for a particular geometry and estab-
lish whether these parameters give an equally low cost function
for another set of flow conditions and or geometries. Initial re-
sults are encouraging.

6 Conclusions and Future Perspectives

We have described experimental processing flows and match-
ing numerical simulations for a number of situations and have
also shown for one test case that it is now possible to quantita-
tively match laboratory experimental flow situations with nu-
merical simulation and optimise certain rheological parameters
in order to obtain the best fit between the experimental result
and numerical simulation. This procedure can thereby avoid
the use of restricted extensional rheological data and gives an
alternative and possibly more accurate route to polymer pro-
cess simulation.

The work raises a number of central issues in relation to the
prediction of polymer processing. Firstly it seems clear that lin-
ear viscoelastic characterisation is adequately modelled by a
multi mode approach providing an adequate number of relaxa-
tion modes are included. Currently all our numerical simula-
tions of viscoelastic flows have started from this point. The
choice of the appropriate constitutive equation that captures
the correct form of non linear response is still an open debate.
In addition the way in which non linear rheological data are ob-
tained over a wide range of strains and strain rates is also still a
very open experimental question.

In this paper, four non rheometric ªprototype industrial
flowsº have been considered. In three cases experimental flow
birefringence data has been obtained for different process con-
ditions. Equally a number of different numerical solvers using
different constitutive equations have been used to numerically
simulate the different prototype industrial flows.

An ART model has been developed that enables the numeri-
cal simulation to be quantitatively ranked against the experi-
mental observations and a simplex optimisation procedure has
been used to optimise certain non linear parameters in order to
obtain the best fit between experiment and simulation. The in-
itial results presented here for one case study are encouraging
in that the simplex method was found to rapidly converge to a
result that gave very good matching.

The prototype industrial flows that have been considered
in this paper represent complex flow situations that have
strong similarities to many commercial processes, and conse-
quently the results that we have obtained give confidence
that the approach could be usefully used for commercial ap-
plication.

There are still a number of uncertainties on the route to a
full numerical simulation of viscoelastic processing flow.
Much, but not all, of our work has been restricted to two di-
mensional flow and it is clear that in the future three dimen-
sional solvers will be necessary if real processes are to be si-
mulated. This raises serious issues in relation to computing
time which can already be typically days for some of the si-
mulations carried out. There continues to be a need to refine
and understand the form of constitutive equation and this is
an issue that is unlikely to be quickly resolved. Some of our
work has also highlighted the need to consider fluid bound-
ary conditions with great care. Finally, both compressibility
and non isothermal effects need to be taken into account. It
is however clear that the current position is now adequate
for both scientists and polymer process engineers to use nu-
merical simulation of viscoelastic process flow as a design
tool.
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Fig. 10. Plot of the iteration for successive steps of the simplex meth-
od. e and a are the non linear parameters in the PTT model and the
data shows the progressive iteration of the ART module to a minimum
cost function value
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