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Abstract This paper is concerned with the way interfa-

cial coalescence of a single drop of biodiesel or glycerol

occurs at a glycerol/biodiesel interface. Two stages of

interfacial coalescence were studied: the thinning of the

trapped liquid film between the rising or falling droplet and

bulk fluid interface, and the retraction of the film after the

film had ruptured. Unexpectedly, the thinning time for the

high viscosity glycerol film around a rising biodiesel

droplet was found to be much shorter than that for a low

viscosity biodiesel film around a sedimenting glycerol

droplet. Squeeze flow modelling showed that the film of

glycerol around a biodiesel droplet was bounded by rela-

tively inviscid biodiesel and therefore flowed with high slip

at its interfaces, resulting in rapid film thinning. The bio-

diesel film around a glycerol droplet was bounded by

highly viscous glycerol and flowed with little slip at the

interfaces, resulting in slower film thinning. After rupture,

film retraction was found to be much faster for biodiesel

droplets than for glycerol droplets. The drag exerted by the

fluid surrounding the film was found to control the

retraction kinetics. The results are of particular relevance to

the separation of glycerol from biodiesel and of general

relevance to coalescence kinetics for immiscible drops at

an interface.

Keywords Coalescence � Droplets � Film thinning � Film

drainage � Film retraction

List of symbols

a Radius of the rim at the edge of a retracting film

(m)

A Area (for example, of a film or interface) (m2)

b Half the width of a droplet at a liquid/liquid

interface (m)

c Half the height of a droplet at a liquid/liquid

interface (m)

d Droplet diameter (m)

F Force (N)

FD External drag force exerted by surrounding fluid

(N)

g Acceleration due to gravity (m/s2)

h H/2 (m)

H Thickness of a liquid film (m)

H0 Initial thickness of a liquid film (m)

L Distance travelled by rim (see Fig. 13) (m)

p Pressure or axial stress (Pa)

prr Axial stress in the r direction (Pa)

pxx Axial stress in the x direction (Pa)

pzz Axial stress in the z direction (Pa)

Dp Pressure difference (Pa)

r Radius; radial dimension (m)

rc Radius of curvature of the film around a droplet (m)

rh Radius of droplet in the plane z = 0 (see

supplementary material)

ri Initial radius of a droplet before reaching a liquid/

liquid interface (m)
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R Radius of plates in squeeze flow model (see Fig. 2)

(m)

Re Reynolds number of a film

t Time (s)

u Velocity (m/s)

urim Velocity of a rim on a film retracting around a

droplet at a liquid/liquid interface (m/s)

V Droplet volume (m3)

x Horizontal distance (m)

x1, x2 Horizontal distance at times 1 and 2

z Vertical distance (m)

Greek symbols
_err Strain rate in the radial direction

_ezz Strain rate in the vertical direction

h Angle (rad)

l Viscosity (Pa�s)

ld Droplet phase viscosity (Pa�s)

lf Film viscosity (Pa�s)

qd Droplet phase density (kg/m3)

qf Film density (kg/m3)

Dq qf -qd (kg/m3)

r Interfacial tension (N/m)

s Shear stress (Pa)

Introduction

Interfacial coalescence involves the approach and incor-

poration with the bulk phase of a droplet at a horizontal

liquid/liquid interface [1]. Interfacial coalescence is

important in the separation of liquid/liquid dispersions as it

allows droplets to be incorporated into a continuous phase,

which can then be removed from the dispersion. When

producing biodiesel by the transesterification reaction, the

product contains glycerol droplets dispersed within a con-

tinuous phase of biodiesel [2]. One method of separating

the denser glycerol is by gravity sedimentation, which

results in a continuous bottom layer of glycerol [2]. The

way in which glycerol droplets coalesce to form a contin-

uous phase is therefore relevant to biodiesel production.

The system also makes a suitable candidate for optical

interrogation of the process, as there is good optical con-

trast between the two fluids.

There are five main steps to interfacial coalescence [1]:

1. Approach of the droplet to the interface.

2. Thinning of a ‘‘trapped’’ liquid film that separates the

droplet from the continuous phase.

3. Rupture of the trapped film.

4. Retraction of the ruptured film around the droplet.

5. Movement of the droplet into its own continuous phase

(called the homophase).

This paper is concerned with steps 2 and 4.

Thinning of the Liquid Film Between a Droplet and Its

Homophase

When a droplet approaches a liquid/liquid interface, the

liquid between the droplet and the interface forms a thin

film. The liquid flows out of the film under the weight (or

buoyancy) of the droplet, as shown in Fig. 1a for a bio-

diesel droplet and Fig. 1b for a glycerol droplet. The film

gradually reduces in thickness until it eventually ruptures,

allowing the droplet to move into the homophase. Film

thinning is the rate limiting step of interfacial coalescence,

as the other steps (film retraction and flow into the ho-

mophase) occur much faster [1].

Film thinning may be modelled as the flow of a fluid

between two interfaces that are pressed together under a

given force. Such flow is called squeeze flow and has been

modelled for a range of fluid types [3]. In a standard

squeeze flow scenario, fluid is placed between two flat

circular plates which are brought together under a constant

force, as shown in Fig. 2.

The variation of H, the distance between the plates, with

time can be derived from the mass balance, force balance

on a fluid element, rheology of the fluid and force balance

on the plate. The mass balance at any radial position r is

described by:

� dh

dt
pr2 ¼ 2pr

Zh

o

udz ð1Þ

where u is the velocity of the fluid in the r direction and

h = H/2. A force balance on a fluid element yields:

os
oz
¼ op

or
ð2Þ

where s is the shear stress and p is the fluid pressure. The

rheological equation for a Newtonian fluid is:

Fig. 1 Schematic diagram of droplets at the liquid/liquid interface

during the film thinning stage: a a rising biodiesel droplet and b a

falling glycerol droplet
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s ¼ lf

du

dz
ð3Þ

where lf is the film viscosity. A force balance may be

performed over the area of the plate, assuming inertial

effects are negligible, such that:

F ¼
ZR

0

2prDpdr ð4Þ

where Dp is the difference between the pressure at point r

and the pressure external to the squeezed fluid. Eqs. (1),

(2), (3) and (4) may be solved using the boundary

conditions of ou
oz
¼ 0 at z ¼ 0 (which assumes symmetry

about the centre line), u = 0 at z = h (i.e. no fluid velocity

at the wall), and the initial condition h = h0. The result is

then [4]:

H tð Þ ¼ H0 1þ 4H2
0Ft

3plfR
4

� ��1
2

ð5Þ

where H0 is the initial distance between the plates. Eq. (5)

holds true where the material on either side of the liquid

film is solid, so that a condition of no slip can be assumed

at the boundaries of the film, i.e. fluid velocity is zero at the

interfaces. In this case the ‘‘no slip’’ boundary conditions

result in transverse velocity profile development across the

film thickness and the resulting parabolic velocity profile

leads to simple shear forces retarding the thinning process.

For ‘‘no slip’’ boundary conditions, it is normal to ignore

the weaker extensional viscosity terms due to radial

velocity changes.

Instead of the no slip boundary condition, the ‘‘perfect

slip’’ boundary condition may be assumed (i.e. the inter-

face is completely mobile and so presents no resistance to

motion). In this case the function H(t) may be derived by

considering the mass balance, axial stresses on a fluid

element and a force balance on the plate. As there is no

resistance at the fluid interface, the velocity of the fluid u in

the radial direction is assumed to be uniform for all values

of h. The mass balance is then:

� dH

dt
pr2 ¼ 2pruH ð6Þ

The axial stress in the radial direction, prr, is given by

(5):

prr ¼ �pþ 2lf _err ¼ �pþ 2lf

du

dr
ð7Þ

where _err is the strain rate in the radial direction and p is the

static pressure external to the squeezed fluid.

Differentiating Eq. (6) with respect to r, and substituting

into Eq. (7) gives:

prr ¼ �p� lf

H

dH

dt
ð8Þ

The axial stress in the vertical z direction, pzz, is given

by (5):

pzz ¼ �pþ 2lf _ezz ¼ �pþ 2lf

H

dH

dt
ð9Þ

Assuming prr = 0, as there is no resistance at the

boundaries, then:

pzz ¼
3lf

H

dH

dt
ð10Þ

Assuming inertial effects are negligible, a force balance

on the plate is simply:

F ¼ �pzzA ð11Þ

where A is the plate area. Substituting Eq. (10) into

Eq. (11) gives (3):

H tð Þ ¼ H0 exp �Ft=3lfAð Þ ð12Þ

In this case, the resistance to flow is a consequence of

the radial extensional deformation and the ‘‘weak’’

extensional viscosity is the mechanism for the resisting

force.

The two extreme model boundary conditions for

squeeze flow (‘‘no slip’’ and ‘‘perfect slip’’) are used to

describe film thinning in this paper. In the case of a bio-

diesel droplet approaching the interface, a high viscosity

glycerol film is trapped between the low viscosity biodiesel

droplet and the biodiesel homophase (as in Fig. 1a). In this

situation the low viscosity of the liquid surrounding the

film provides a boundary which is equivalent to the ‘‘per-

fect slip’’ boundary condition for squeeze flow. In the case

of a glycerol droplet approaching an interface (Fig. 1b), a

biodiesel film is sandwiched between high viscosity glyc-

erol, which is equivalent to the ‘‘no slip’’ squeeze flow

boundary condition.

The squeeze flow models have been used by many

previous authors to describe film thinning in droplet

Fig. 2 Schematic diagram of a standard scenario for squeeze flow,

whereby a fluid is squeezed under a force F between two parallel solid

circular plates of radius R
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coalescence, often with some modification (for example

[6–10]). Many studies have preferred to use the no slip

condition for all systems, even for bubble coalescence. It is

often stated that trace amounts of surfactants, which are

always present unless the materials are extremely clean,

will create an immobile interface, and that therefore the no

slip condition is valid [11–13]. Despite this view, mobile

and partially mobile interfaces have also been modelled [7,

12]. In a refinement to the simple flat film model, the

curvature of the film has been considered [11, 14].

Besides the fluid mechanics of film thinning, other

factors that have been investigated included mass transfer,

surfactants and electrostatic forces. Several studies inves-

tigated the effect of mass transfer on film thinning [15–17].

Mass transfer of a solute from the droplet into the sur-

rounding material results in a higher concentration of the

solute in the film than in the droplet phase. The resulting

gradient in interfacial tension enhances the film thinning

due to the Marangoni effect. The presence of surfactants in

the film is also expected to affect film thinning [6, 18–21].

As the film thins, the film becomes depleted of surfactant

compared to the droplet phase. The reduced surfactant

concentration in the film creates an interfacial tension

gradient that inhibits further film thinning because of the

Marangoni effect. This mechanism of coalescence inhibi-

tion is thought to be behind the Bancroft rule, which states

that a stable emulsion can be formed when the surfactant

preferentially dissolves in the continuous phase [18]. The

effects of the disjoining pressure [17, 18], which results

from the interaction of electric double layers, and van der

Waals forces [11, 22] have also been included in film

thinning models.

Despite the significant body of work on modelling film

thinning, prediction of experimental results is still diffi-

cult. One reason for this is that the results from identical

coalescence experiments often vary widely. Many exper-

imental studies have measured the time between a droplet

arriving at an interface and rupture of the thin film [9, 10,

23–25]. These measurements show that very wide ranges

of film thinning times are exhibited by any one system,

typically from ones to tens of seconds. Furthermore, the

times do not follow a predictable normal distribution

about a mean. The main reason for the variation in coa-

lescence times is that the rupture of the film will not

occur every time at a certain film thickness, but the

probability of rupture may increase as the film thins and

becomes more susceptible to random thermal or

mechanical disturbances [9, 18]. A simple squeeze flow

film thinning model cannot capture these disturbances,

which appear to play an important role in film rupture.

Equations (5), (12) asymptote towards H = 0 as t ? ?.

Therefore, to determine the time required for a film to

thin to the point of rupture, a simplistic assumption has to

be made that the film will rupture at a certain thickness.

Even the order of magnitude of the film thickness at

rupture is not well agreed upon, with studies reporting

thicknesses of 10–50 lm (23), 1–3 lm (8) and 0.1–1 lm

(9). Studies using laser interferometry to measure film

thickness show that films often thin down to less than

1 lm [11, 21, 26, 27]. Moreover, when rupture occurs,

the film may not have uniform thickness. Areas where the

film is thinner than others, caused by the formation of a

‘‘pimple’’ or ‘‘dimple’’, have been suggested as being the

point of rupture [1, 11, 18]. Squeeze flow models do not

consider these phenomena.

While the squeeze flow models have the limitations

discussed above, they are advantaged in being simple and

having analytical solutions. Experimental coalescence

results for identical droplets generally have poor repeat-

ability due to the difficulty in controlling all the factors

involved. Therefore using a complex model may not give a

better prediction of experimental results than the squeeze

flow models. In this work, the coalescence times for bio-

diesel and glycerol droplets are predicted to an order of

magnitude by the squeeze flow equations, providing an

insight into film behaviour during thinning.

Retraction of the Thin Film Around the Droplet

Once the film has thinned sufficiently, it ruptures and

retracts around the droplet, forming a rim at its edge as

illustrated in Fig. 3. One model for the velocity of the rim

of the film during retraction assumes that the rim takes on a

circular cross-section, as shown in Fig. 4 [28]. The rim is

subjected to two opposing forces: (i) the interfacial tension

of the two interfaces of the film and (ii) the drag exerted on

the rim by the surrounding fluid. The interfacial tension

force per unit length is simply 2r. The drag force per unit

length, FD, is estimated from the drag on a unit length of a

rigid cylinder moving through an infinite fluid in the lam-

inar regime, given by [28, 29]:

Fig. 3 Schematic diagram of a a biodiesel droplet and b a glycerol

droplet during the retraction of the thin film surrounding the droplet
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FD ¼
4pldurim

ln
4ld

qcurima

� � ð13Þ

where ld and qd are the viscosity and density of the droplet

phase surrounding the rim, urim is the velocity of the rim

and a is its cross-sectional radius. Assuming the rim

velocity is constant, then the drag force FD is equal to the

interfacial tension force 2r, yielding:

ln
4ld

qcurima

� �
¼ 2pldurim

r
ð14Þ

In Eq. (14) the predominant drag on the rim is assumed

to be that exerted by the surrounding fluid. The model

neglects any internal drag created by the collection of

liquid from within the film into the rim as it progresses.

The rim moves with velocity urim while the film remains

stationary. As seen by an observer moving with the rim,

liquid from the film flows into the rim with velocity urim

and decelerates within the rim to zero velocity. The flow of

liquid from the film into the rim is impeded by internal

drag caused by the film’s own viscosity.

The internal drag may be accounted for by considering

the axial stress pxx, created by the flow of velocity u:

pxx ¼ 2lf

du

dx
� p ð15Þ

where du/dx is the strain rate of liquid within the film, lf is

the viscosity of the film and p is the static pressure [5]. This

stress exerts a force on the rim that opposes the interfacial

tension force, 2r. The static pressure p exerts no net force.

The drag force of the liquid surrounding the rim is assumed

to be negligible, so the force balance per unit length of the

rim yields:

2lf

du

dx
H ¼ 2r ð16Þ

where H is the film thickness. It is assumed that the fluid

within the film has an initial velocity of urim relative to the

rim and decelerates to zero within a distance equal to the

film thickness, H. Then the strain rate is given by:

du

dx
¼ urim

H
ð17Þ

Substituting Eq. (17) into Eq. (16) gives:

urim ¼ r=lf ð18Þ

Eq. (14) accounts for the external drag exerted on the

rim by the surrounding fluid and does not consider the

internal drag created by flow within the film. Conversely,

Eq. (18) accounts for the internal drag but not the external

drag.

Experimental Procedures

In this work, optical videos were taken of individual bio-

diesel or glycerol droplets coalescing at a biodiesel/glyc-

erol interface. The time required for film thinning and the

velocity at which the film retracted after rupture were

measured from the videos.

Manufacture of the Biodiesel and Glycerol Phases

Both the glycerol and biodiesel were produced by the

transesterification of rapeseed oil (Holland UK). Transe-

sterification was performed using a methanol reactant

(Fisher Scientific) at a 6.2:1 molar ratio of methanol to oil

[30]. The catalyst used was sodium methoxide (Fisher

Scientific) at a concentration of 1.0 wt% of the rapeseed oil

weight. The reaction was carried out in a stirred batch

reactor at 50 �C for 60 min. Stirring was provided by a

6-blade Rushton impeller at 800 rpm. To determine the

extent of the reaction, a sample of the biodiesel phase was

tested by gas chromatography using a standard method

[31]. The reaction was thus shown to have converted 97 %

of the vegetable oil into esters. Neither the biodiesel nor

glycerol phases were treated any further, and so both

phases contained impurities, particularly methanol, soaps

and unreacted vegetable oil.

Procedure for Video Recording Interfacial Coalescence

The experimental apparatus used to video record the

interfacial coalescence of a biodiesel or glycerol droplet is

shown in Fig. 5. A square cuvette, 10 mm wide, was filled

with a 20-mm deep layer of glycerol at the bottom (being

Fig. 4 Schematic diagram depicting the cross-section of a biodiesel

droplet during film retraction (top right) and a close-up view of the

film rim
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the heavy phase) and another 20-mm deep layer of bio-

diesel on top. For a biodiesel droplet, a polystyrene cuvette

was used with a flat-tipped needle (gauge 18) inserted into

the side of the cuvette, 10 mm from the bottom, and con-

nected to a syringe pump filled with biodiesel. The pump

was set to 5 ml/h so that a droplet of biodiesel was intro-

duced into the glycerol layer through the needle. When it

had reached a critical size, the droplet detached from the

needle and rose to the interface between the two phases. At

this point the syringe pump was stopped. A high speed

CCD camera recorded the droplet’s approach to the inter-

face, and its coalescence with the homophase. Back illu-

mination was provided by a halogen light source. Images

were taken at 250 frames per second.

The procedure for recording the interfacial coalescence

of glycerol droplets was similar to that for biodiesel

droplets. However, a glass cuvette was used with a needle

(inner diameter 1.2 mm, gauge 16) positioned just above

the biodiesel surface (see Fig. 5). Glycerol was fed from

the syringe pump at 5 ml/h until the glycerol droplet

detached from the needle and sank through the biodiesel

layer to the interface. At this point the syringe pump was

stopped. The interfacial coalescence of a glycerol droplet

was recorded at both 4 and 250 frames per second.

Measurement and Modelling of Film Thinning

Experimental Method for Measuring Film Thinning

Times

Figure 6 shows still photographs from the videos of bio-

diesel and glycerol droplets coalescing at an interface.

From these videos, the time required for the thinning of the

liquid film around the droplet was measured.

For the biodiesel droplets, the film thinning times were

measured from the point at which the droplet was measured

to be within 80 microns of the interface, as shown in

Fig. 6b, until the point when rupture of the film was visible,

as in Fig. 6c. These measurements were accurate to

±0.02 s. For the glycerol droplets, the times were mea-

sured from the first frame at which the droplet was

Fig. 5 Apparatus for recording

the interfacial coalescence of a

biodiesel or glycerol droplet,

which are shown here being fed

simultaneously but in practice

were fed separately into a

cuvette
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positioned on the interface, seen in Fig. 6d, until the frame

when film rupture could be seen, as in Fig. 6e. These

measurements were accurate to ±0.25 s. The reduced

accuracy for glycerol droplets was due to the low frame

rate used, which meant that the timing started up to 0.25 s

after the droplet landed on the interface. The low frame rate

was required to record the entire period of film thinning

within the available memory. The resulting error is only

around 1 % of the total thinning time. The initial film

thickness for glycerol droplets, such as that in Fig. 6d,

appeared to be no greater than 120 microns, although it

may have been less than this as the curvature of the film

made it difficult to gauge an accurate measurement. The

experiment was repeated under identical conditions 38

times for biodiesel droplets and 26 times for glycerol

droplets.

Experimental Results of Film Thinning Times

The film thinning times up to rupture for biodiesel and

glycerol droplets are presented in Fig. 7. There was a dif-

ference of 1 to 2 orders of magnitude between the film

thinning times for biodiesel droplets and glycerol droplets.

For biodiesel droplets the film thinning time was almost

always less than 1 s, with a mean of 0.58 s, while for

glycerol droplets film thinning took between 3 and 60 s,

with a mean of 19 s.

The glycerol droplets were larger than the biodiesel

droplets because glycerol tended to adhere better to the

steel syringe needle than the non-polar biodiesel. However,

there is no correlation shown between droplet size and

thinning time in Fig. 7, so the size difference cannot fully

explain the difference in film thinning times. There was

also greater variability in glycerol droplet size. This is

because the glycerol droplets did not detach from the

needle at a consistent size, perhaps because random

mechanical vibrations played a role in the detachment. On

some occasions the glycerol droplets broke up on release

from the needle, resulting in multiple smaller droplets.

While the large variability in droplet size was not ideal, the

lack of correlation in Fig. 7 suggests droplet size was not

the main factor in determining the film thinning time.

Both biodiesel and glycerol droplets exhibited a wide

range of film thinning times, as previous studies have found

[9, 10, 24, 25], but the variability was greater for glycerol

droplets. It is possible that the biodiesel film around a

glycerol droplet, being the less viscous film, was more

Fig. 6 a A biodiesel droplet

approaching the interface. b The

biodiesel droplet when the film

thickness was 80 lm, the point

at which t = 0. c The biodiesel

droplet when the film has just

ruptured. d A glycerol droplet

soon after falling onto the

interface. e The glycerol droplet

at the point of rupture. f The

glycerol droplet shortly after

rupture during film retraction

Fig. 7 Film thinning times for biodiesel and glycerol droplets of

various sizes
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susceptible to being ruptured by pimples or dimples formed

by perturbations in the fluid. Rupture could therefore take

place over a wider range of film thicknesses, resulting in

the greater variability in thinning times. Despite the large

variability in the data, the difference in film thinning times

for biodiesel and glycerol droplets was significant.

The lower film thinning times for biodiesel droplets may

appear surprising. A glycerol film around a biodiesel

droplet has a high viscosity, so it might be assumed that the

film would thin slowly. By the same logic, a low viscosity

biodiesel film around a glycerol droplet might thin quickly.

However, the opposite result was seen experimentally. An

explanation for this is that the biodiesel film around a

glycerol droplet experiences the ‘‘no slip’’ boundary con-

dition, resulting in slow thinning, while the glycerol film

around a biodiesel droplet experiences ‘‘perfect slip’’ and

thins quickly. A diagram of these two modes of film

thinning is given in Fig. 8. To determine whether the

degree of slip can explain the experimental results, film

thinning was modelled for the ‘‘perfect slip’’ and ‘‘no slip’’

boundary conditions.

Squeeze Flow Models for Film Thinning

Film Thinning with No Slip at the Interfaces

The thinning of the biodiesel film around a glycerol droplet

(shown in Fig. 8a) was modelled as the squeeze flow of a

Newtonian liquid under a constant force with a boundary

condition of no slip at the interfaces, using Eq. (5). The

force F on the draining film resulted from the buoyancy or

weight of the droplet and is given by:

F ¼ DqgV ð19Þ

Where Dq is the density difference between the droplet

and the surrounding phase and V is the droplet volume. The

volume V for a glycerol droplet was calculated by

assuming it took the shape of an oblate ellipsoid, giving:

V ¼ 4pb2c=3 ð20Þ

where 2b is width of the droplet and 2c is its height. The

method for measuring b and c is illustrated in the

supplementary material. The film around the droplet

follows a curved ellipsoidal surface whose area A is

approximately that of a spherical cap:

A ¼ 2prcc ð21Þ

where rc is the radius of curvature and c is the height of the

cap, assumed to be equal to half the height of the droplet,

(see supplementary material). The squeeze flow model

represented by Eq. (5) is for a flat circular film rather than a

curved film. The curved film was considered to be

equivalent to a flat circle, of radius R, having the same

area A as the curved film, so:

R ¼
ffiffiffiffiffiffiffiffiffi
2rcc

p
ð22Þ

Substituting Eqs. (19), (20) and (22) into Eq. (5) then

gives:

H tð Þ ¼ H0 1þ 4H2
0Dqgb2t

9lfr
2
c c

� ��1
2

ð23Þ

Film Thinning with Perfect Slip at the Interfaces

The thinning of a glycerol film around a biodiesel droplet

was modelled as squeeze flow of a Newtonian liquid under

a constant force with perfect slip at the film interfaces,

using Eq. (12). The applied force F was calculated from

Eq. (19). The volume was calculated from the radius of the

droplet before it reached the interface. Figure 6a shows that

the droplet was spherical during its approach to the inter-

face. The volume V is then given by:

V ¼ 4pr3
i =3 ð24Þ

where ri is the initial radius of the droplet before reaching

the interface. The area of the film was obtained from Eq.

(21), with rc and c measured as shown in supplementary

Fig. 8 Modes of film thinning:

a Thinning of a biodiesel film

around a glycerol droplet, where

the film interfaces are

effectively rigid, allowing no

slip. The resulting velocity

profile in the film is parabolic,

as shown by the arrows.

b Thinning of a glycerol film

around a biodiesel droplet with

mobile film interfaces allowing

slip. The result is a relatively

uniform velocity profile
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material. Substituting Eq. (19), (21) and (24) into Eq. (12)

gives:

H tð Þ ¼ H0exp � 2Dqgr3
i t

9lfrcc

� �
ð25Þ

Parameter Values and Initial Conditions Used

in the Models

To solve Eqs. (23) and (25) several parameters were nee-

ded. The densities of biodiesel and glycerol were measured

using hydrometers, while the viscosities of biodiesel and

glycerol were measured using an ARES rheometer with a

Couette cell [32]. The results are shown in Table 1 in the

supplementary material.

The droplet dimensions 2b, 2c and rc were measured for

12 biodiesel droplets and 10 glycerol droplets from pho-

tographs (see supplementary material). Additionally, ri, the

initial radius before the droplet reached the interface (see

Fig. 6a), was measured for the 12 biodiesel droplets. The

mean measurements were used in the model and are tab-

ulated in Table 2 in the supplementary material.

The initial condition for the squeeze flow models is

defined by the initial film thickness H0. For biodiesel

droplets H0 was taken to be 80 lm, based on the distance

between the top of the droplet and the interface when the

timing of film thinning was started (see Fig. 6b). For

glycerol droplets H0 was taken to be 120 lm, which was

the apparent film thickness from the photographs (Fig 6d).

However, as an accurate measurement of film thickness

was not possible, the sensitivities of the models to H0 have

been examined (see Fig. 9a below).

Results from the Squeeze Flow Models

The equations for squeeze flow with no slip (Eq. (23)) and

with perfect slip (Eq. (25)) were solved for three different

scenarios.

First, the thinning of a glycerol film around a biodiesel

droplet was modelled with perfect slip and with no slip to

compare the two models with identical parameters. For

each case, four different values of the initial film thickness,

H0, were considered to show the effect of H0 on the results,

which are given in Fig. 9a.

Second, the thinning of a glycerol film around a bio-

diesel droplet was modelled with perfect slip and the

thinning of a biodiesel film around a glycerol droplet was

modelled with no slip, as expected for the real droplets.

The results are shown in Fig. 9b.

The third scenario also modelled the thinning of a

glycerol film around a biodiesel droplet with perfect slip,

and the thinning of a biodiesel film around a glycerol

droplet with no slip. However, the value of A, the film area,

was varied for both cases to show its effect on the results,

which are given in Fig. 10. The values chosen for

A encompassed the range of film areas that were exhibited

by biodiesel and glycerol droplets in the experiments.

The results for the first scenario, which modelled iden-

tical biodiesel droplets under conditions of perfect slip and

no slip (Fig. 9a), show that when all other parameters were

held constant, the slip condition had a very large effect on

the kinetics of film thinning. The initial film thickness, H0,

had a relatively small effect on the thinning kinetics

compared with the slip condition (see Fig. 9a).

The second scenario, where a biodiesel droplet was

modelled with perfect slip and a glycerol droplet with no

slip, is given in Fig. 9b, showing that the film thinning for

glycerol droplets was much slower than for biodiesel

droplets. For a biodiesel droplet with a glycerol film,

having perfect slip at the interfaces, the model predicted

that the film would reach a thickness of 10 lm in 0.4 s. In

contrast, for the glycerol droplet surrounded by a biodiesel

film, having no slip at the interfaces, the model predicted

that the film would reach a thickness of 10 lm after 78 s.

For comparison, the film thinning times measured

Fig. 9 a Solutions for the

squeeze flow equations of

perfect slip and no slip for a

biodiesel droplet with constant

dimensions, given in Table 2,

for H0 = 20, 40, 80 and 120

microns. b Solutions for the

squeeze flow equations of

perfect slip for a biodiesel

droplet with a glycerol film

(H0 = 80 lm), and no slip for a

glycerol droplet with a biodiesel

film (H0 = 120 lm). The

dimensions of the biodiesel and

glycerol droplets are given in

Table 2
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experimentally were less than 1 s for biodiesel droplets and

from 3 to 60 s for glycerol droplets (see Fig. 7). The pre-

cise time at which film rupture occurs could not be esti-

mated from the models because film thickness is not the

only factor determining film rupture. However, it is

assumed that rupture was most likely to occur when the

film thickness was less than 10 lm. The predicted times for

film thinning to 10 lm were within the same order of

magnitude as the experimental times for film thinning.

The results for the third scenario, where the film areas

were varied (Fig. 10), show that film area (and hence the

droplet size) was predicted to have a significant effect on

the film thinning rate. Smaller droplets have reduced film

areas and so should result in shorter thinning times

according to the model, especially for glycerol droplets,

which are modelled using the ‘‘no slip’’ boundary condi-

tion. This prediction is important, because in the stirred

dispersions of glycerol in biodiesel encountered in indus-

try, the droplet diameters are expected to be from 20 to

200 lm [33], considerably smaller than the droplets

investigated here. However, from the experimental results

plotted in Fig. (7), there was no apparent correlation of

droplet size with the thinning time until film rupture. This

discrepancy between model and experiment demonstrates

the limits of the squeeze flow models. The squeeze flow

models cannot predict the precise time of rupture, as a

specific film thickness at which rupture occurs is not

known for this system. It was assumed that the film would

thin to at least 10 lm before rupture occurred, but in reality

rupture for every droplet would not occur at the same

uniform film thickness. The optical method used does not

provide sufficient resolution to make an accurate

measurement of the film thickness at rupture. Laser inter-

ferometry would be required, as used in other studies [12,

21, 26, 27], and would provide a useful measure of the

accuracy of the squeeze flow models. When the film

becomes very thin (\0.1 lm), the effects of electric double

layers and van der Waals forces would start becoming

important [13] and the squeeze flow model is less appli-

cable. The assumption of uniform film thickness becomes

less valid as ‘‘dimples’’ and ‘‘pimples’’ start to form [11,

18]. These pimples, as well as random disturbances in the

fluid [9, 18], contribute to rupture by bringing the inter-

faces close enough for attractive forces to overcome the

double layer repulsion. The mechanisms of rupture are not

considered in the squeeze flow models and there is

uncertainty on the film thickness at rupture.

Another area of uncertainty is the effect of surfactants

and other solutes on film thinning, which was not consid-

ered in the models. The mass transfer of solutes can enhance

film thinning [15–17]. The biodiesel and glycerol phases

were well mixed during the transesterification process, and

so will have achieved equilibrium. Mass transfer should

therefore have been negligible. Surfactant components

within the film, however, may have inhibited film thinning

due to the Marangoni effect [13, 18, 19, 21]. The presence

of surfactants was indicated by the very low interfacial

tension of the system, which was measured by the du Noüy

ring method as 0.6 mN/m. During transesterification,

saponification side reactions occur between the fatty acids

and potassium hydroxide, which is used as a catalyst [34].

The resulting soaps may be expected to remain preferen-

tially in the glycerol, being the polar phase. Therefore, a

glycerol film surrounding a biodiesel droplet should thin

more slowly due to the presence of soaps. In fact, the

opposite was seen in the experiments, with the glycerol film

thinning quickly compared to the biodiesel film. The rapid

thinning of the glycerol film seems to contradict the widely

held view that surfactants in the film invariably lead to no

slip at the interface [11–13].The matter is complicated by

the presence of other surfactants in the biodiesel phase,

namely mono- and diglyceride intermediate products. A

standard gas chromatograph analysis [31] of the biodiesel

phase found concentrations of 1.2 wt% monoglycerides and

0.4 wt% diglycerides. Analysis of soap content in the

glycerol phase was not performed and it is difficult to pre-

dict which surfactants might have had a greater inhibiting

effect on film thinning. While it is not clear what role sur-

factants played in the biodiesel/glycerol system, there is

also no obvious way that surfactants may have caused the

large difference in film thinning behaviour for biodiesel and

glycerol films. The difference in slip conditions at the

interface remains the most likely explanation.

The cases of perfect slip and no slip boundary conditions

are extreme scenarios; in reality partial slip may occur in

Fig. 10 Solutions for the squeeze flow equations of perfect slip for

biodiesel droplets (Eq. (25), solid lines) and no slip for glycerol

droplets (Eq. (23), dotted lines). The film area A was varied to

determine its effect. The average measured film areas were 3.2 mm2

for biodiesel droplets and 6.5 mm2 for glycerol droplets
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most cases. But the fact that the predicted kinetics of film

thinning are in approximate agreement with observed film

thinning times shows that the relative degree of slip at the

interface explains the difference in rupture times between

biodiesel and glycerol droplets. While no slip and perfect

slip boundary conditions have been applied previously to

film thinning [6, 12], this is the first time that they have

both been used to explain experimental results.

Measurement and Modelling of Film Retraction

Experimental Method of Measuring the Rim Velocity

during Film Retraction

High speed videos of biodiesel and glycerol droplets coa-

lescing at a biodiesel/glycerol interface were recorded, as

detailed in the Sect. ‘‘Procedure for Video Recording

Interfacial Coalescence’’, at 250 frames per second. Single

frames from the videos are given in Fig. 11.

Biodiesel and glycerol produced by transesterification

were contaminated by surfactants and so were not ideal

fluids for testing the models for rim velocity. Alternate

model fluids with well defined properties were therefore

used in addition to biodiesel and glycerol. The model fluids

were polydimethylsiloxane (PDMS, Sigma Aldrich) and an

aqueous glycerol solution made up of 50 % pure laboratory

grade glycerol (Fischer Scientific) in distilled water. To

distinguish the two types of glycerol used in these exper-

iments they will be referred to as crude glycerol, being

glycerol produced by transesterification, and aqueous

glycerol, being the model fluid. Experiments on model

fluids were conducted by the same method as described in

Sect. ‘‘Procedure for Video Recording Interfacial

Coalescence’’

In the photographs in Fig. 11, the rim of the retracting

film is just visible. The velocity of the rim was determined

by measuring the distance that the rim travelled between

successive frames in the video. The rim retraction was

rapid but proceeded smoothly without the formation of

satellite droplets, as can be seen in Fig. 11. Details of the

measurement method are provided in the supplementary

material.

Experimental Results and Model Predictions

for the Rim Velocity During Film Retraction

The results of the rim velocity measurements for four

different droplet types are shown in Fig. 12 and the data

are given in Table 3 in the supplementary material. The

rim for a biodiesel droplet moved faster than the rim for a

glycerol droplet. This result can be explained in terms of

the drag force experienced by the rim. For a biodiesel

droplet the film rim was surrounded by biodiesel (see

Fig. 11 Still photographs at the

biodiesel/glycerol interface

during film retraction for a a

biodiesel droplet and b a

glycerol droplet
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Fig. 3), which is relatively inviscid. Therefore the rim

experienced little drag. For a glycerol droplet the film rim

was surrounded by viscous glycerol, which exerted a

greater drag on the rim. Therefore the rim for a glycerol

droplet moved more slowly than the rim for a biodiesel

droplet. The rim velocities for PDMS and aqueous glycerol

droplets were much higher than those for biodiesel and

crude glycerol droplets because the PDMS/aqueous glyc-

erol system had a much higher interfacial tension than the

biodiesel/crude glycerol system (see Table 5). Both Eqs.

(14) and (18) take account of the interfacial tension,

resulting in corresponding increases in the predicted rim

velocities for the PDMS/aqueous glycerol system com-

pared with the biodiesel/crude glycerol system.

The error bars for the experimental results in Fig. 12

depict the maximum and minimum measured velocities.

There was large variability in the measured rim velocities,

particularly for biodiesel droplets and PDMS droplets,

which both had a viscous film surrounded by a less viscous

fluid. The reason for this variability is not known, but it is

possible that as the film retraction was controlled by

internal flow, the rim velocity was more susceptible to

minor impurities in the film. The variability in rim veloc-

ities is illustrated in Fig. 13, which shows the distance

travelled by the rim as a function of time for some of the

biodiesel and glycerol droplets that were studied. The

slopes of the plots indicate the rim velocity. For biodiesel

droplets there was much variability in the rim velocity, as

shown by the variety of gradients in Fig. 13a. Some of the

individual lines in Fig 13a change gradient markedly,

indicating that even on a single droplet the rim velocity

may change over time. There was much less variability for

glycerol droplets, as shown in Fig. 13b; the curves are

nearly linear and the range of gradients is much less than

for the biodiesel droplets.

The rim velocities for the four different types of droplet

were predicted by Eqs. (14) and (18). Equation (14) was

solved numerically for urim using the Solver function in

Microsoft Excel. The parameters used in the model equa-

tions are given in Table 4 in the supplementary material.

Fig. 12 Experimental

measurements of rim velocities

compared with predictions from

Eqs. (14) and (18) for four types

of droplet. The error bars show

the range of experimental

measurements and, for Eq. (14),

the effect of varying rim radius

a from 1 to 20 lm

Fig. 13 Plots of the distance

travelled by the rim as a

function of time for a biodiesel

droplets and b crude glycerol

droplets. Each line represents

the rim on a single droplet
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The results are given, together with the mean rim velocities

measured experimentally, in Fig. 12 and also in Table 6 in

the supplementary material.

Figure 12 shows that Eq. (18) was better at predicting

the rim velocity for biodiesel droplets in crude glycerol and

PDMS droplets in aqueous glycerol. In both of these cases,

the film was of higher viscosity than the surrounding liquid.

The internal resistance to flow within the rim dominated, so

Eq. (18) was appropriate. For the crude glycerol droplet in

biodiesel and the aqueous glycerol droplet in PDMS, the

film was of lower viscosity than the surrounding fluid. In

these cases the external drag on the rim dominated, so

Eq. (14) was appropriate.

In using Eq. (14), several simplifying assumptions had

to be made. First, the rim velocity was assumed to be

constant so that acceleration was not included in the force

balance. The rim radius, a, was also assumed to be constant

when in reality it would increase as it gathered a greater

quantity of fluid. There was uncertainty in the value of a, as

the rim radius was not measured. Therefore an assumed

value of 10 lm was used for all types of droplet. The error

bars in Fig. 12 show the range of results obtained from

Eq. (14) when the value of a was varied from 1 lm up to

20 lm. This is the best estimate for the range of a based on

images from the videos, which show the rim to be visible

but of very small radius. The effect of a on the rim velocity

that resulted from Eq. (14) is shown in Fig. 14. The error

bars in Fig. 12 suggest that the effect of varying a was

small compared to the effect of changing the model from

considering external to internal drag. These simplifications,

inherent to Eq. (14), and the fact that internal drag was

neglected, help to explain why Eq. (14) overestimated the

rim velocities. However, Eq. (14) came closer to predicting

the experimental results when the fluid surrounding the rim

was viscous, demonstrating that in this case external drag

had a greater effect on the rim velocity than internal drag.

Implicit within the film retraction models is the

assumption of laminar flow conditions. To validate this

assumption, a film Reynolds number may be defined as:

Re ¼ qfurima=lf ð26Þ

The Reynolds numbers for each type of droplet are

provided in Table 5 in the supplementary material. In all

cases the Reynolds number was less than one, confirming

the laminar flow assumption.

Conclusions

Two stages in the coalescence of a single biodiesel or

glycerol droplet at a biodiesel/glycerol interface have been

investigated, namely: the thinning of the liquid film

between the droplet and its homophase; and the retraction

of the film around the droplet after rupture.

The time required for the film surrounding the droplet to

thin and rupture differed greatly for biodiesel and glycerol

droplets, with glycerol droplets taking 1–2 orders of mag-

nitude more time. In the case of the biodiesel drop, the

trapped film of glycerol was surrounded on both sides by

low viscosity biodiesel, providing the equivalent of slip

conditions at the film boundaries. The thinning of the film

was then only controlled by weak extensional viscosity

effects. In the case of the glycerol droplet, the trapped film

of biodiesel was surrounded by viscous glycerol, providing

essentially a no slip boundary condition at the interfaces,

resulting in simple shear flow and a viscous resistance to

thinning. The boundary conditions of the flow played a

greater role on the thinning process than the viscosity of the

trapped liquid itself.

Observations of film retraction showed that the film

around a biodiesel droplet retracted faster than the film

around a glycerol droplet. This difference can be explained

by the external drag exerted by the surrounding fluid on the

film as it retracted. For a biodiesel droplet, the film was

surrounded by low viscosity biodiesel, which exerted little

drag on the rim of the film. The retraction velocity in this

case was best modelled by balancing the internal drag due

to viscosity within the film with interfacial tension. For a

glycerol droplet, the film was surrounded by glycerol of

high viscosity, which exerted substantial drag on the rim.

For this scenario the retraction velocity was best modelled

by balancing the external drag on the film with interfacial

tension.

The results reported in this paper are of particular rel-

evance to glycerol separation for biodiesel production.

However, glycerol concentrations in commercial biodiesel

manufacture are typically 20 % by volume, so concentra-

tion effects will also influence coalescence kinetics. The

work reported here is also of general relevance to
Fig. 14 Plot showing the dependence of the rim velocity urim on the

rim radius a, as calculated by Eq. (14)
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immiscible systems with similar viscosities and interfacial

tension to those considered in this paper. The theoretical

modelling can be used for calculation of kinetics for other

systems.
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