Section 3
Viscoelasticity; (still in scalar form; no tensors yet!)

In this section we consider the issue that our material may be
viscoelastic. That is the material can exhibit both viscous and elastic
properties at the same time. Viscoelasticity is important, particularly for
polymers both in the solid and liquid state. The approach is mostly
directed at the liquid (melt) state, however the mathematical analysis is
also relevant to viscoelastic solids. Viscoelasticity is relevant to polymer
melts, concentrated biotech solutions such as xantham gum. It is also
relevant to certain foodstuffs (custard, sauces), personal products
(shaving cream, lotions, shampoo), and a range of other materials, such
as explosives, rocket fuel & certain natural materials.

An understanding of viscoelasticity is useful in relation to help
understand certain processing issues, in addition it is useful in
characterising rheologically complex materials. This is important in
terms of quality control.

The mathematics involved in the modelling is relatively simple but needs
a bit of thought. The modelling is highly suitable for setting Tripos
questions!

Processing issues where viscoelasticity is important.

1 Processibility.

N pellets
ost processin
Rheology \( - - i)) g
extruder die Extrusion line must work

24hrs/day
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2 Die swell
X = Di/ D,

mlp | D, D,

\ Viscoelastic fluid y =1 -5 big factor when making tubes
A

Newtonian y = 1.14

3 Extrusion Instabilities ,
production rate

/ [V NG VN
sharkskin — optically observed
\ Usually bad, sometimes good
W
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Rheometers.
Cone and Plate Rheometer

S

Parallel Plate Rheomeéer

Rotation or oscillation ®

5 Torque

Rotation or oscillation ®

Couette Rheometer

30 mm

Rotation or oscillation ®

<

4— 20 mm —>
<4“— 22mm —»
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Viscoelasticity measurement

Parallel plate or cone and plate rheometers.
A device where ideally the strain or stress is uniform.

A) Apply strain , measure stress. Controlled strain rheometer
or B Apply stress , measure strain. Controlled stress rheometer
o

yield stress —
TA Ares, Controlled strain rheometer. £20,000-50,000/machine

Upper shaft measures torque
Torque measurement

Force rebalance transducer

§-

Sample
Between
plates

h~0.3-1 mm

stepper motor

Lower
shaft to
(1)Steady stepper
o (angular velocity) motor
(2)Oscillate
o (angular frequency)
y (strain)

(3)Step strain
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Different test geometries.

Parallel plate geometry

strain y = %

: . TO
strain rate ¥ = o

both depend on radius

R bottom plate

YT IP

h

Stain rate depends on r
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Cone and plate geometry

difficult to achieve
close fit between

i plates without
damaging equipment

ro ¢

strain y = =
rtano tano

) . ro 0]
strain rate y = =
r tano tan o

both independant on radius

Y

AN

rtan o

R bottom plate
YZIP - ¢
rtan o tan a

Strain rate independent of r
This is the best option, but
often parallel plates are used



Rheometers measure Torques; so we need to express Torque in terms of

fluid shear stress. .

Cone and plate ['=| 2nrtrdr
0 ;
Force
2
F=—nrf
3

I
T =ﬁl‘[ T dr
0

T'or

Parallel plate more tricky because 71 is a function of r.
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Rheological “ Rheometric” measurements.

We now examine the types of deformation that can be applied using, for
example, a Rheometrics controlled strain rheometer.

a) Stress growth, steady shear, stress relaxation

| , |
; Start from
Strain Vi -

rate 0 rest, T = 0

Y

time
Stress .
T Stress relaxation

time

h/ t=0 / t=ty
Stress growt

Steady state

t<0 Y =0

t>0 Y =70
t>1 Y =0

measure stress as a function of time for above strain rate history.

(A) Stress growth (Viscoelastic response)
(B) Steady shear (Non Newtonian behaviour)?
(C) Stress relaxation (Viscoelastic response)

Time dependence can be explored

Steady shear is the most used deformation, obtain “flow curve”
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b) Step strain
At t= o, instantaneously strain material by y,= v, 8t , subsequently measure
stress relaxation as a function of t

Yo = Yo Ot Step in strain

| /
Strain v

rate 0
Y
time
To
Stress .
T \ /Stress relaxation
- time
t=0
Relaxation modulus G(t)
G =z
Yo
703 Wittt Elastic rubber
T
________ ¥ Viscoelastic response
1/e \
| Often exponential

t —

Characteristic relaxation time
10°-10%s
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¢. Oscillatory “rheometric” deformation —> Time dependence

strain < » angular frequenc )
Apply v =1, sin ot Strain =~y =y,e'®"
then Y= Yo ® COS ™t Strain rate y= ia)y/oe'wt

measure T =T, sin(mt + 0)
variable y, = max strain amplitude, typically 0.1 (10%)

o = angular frequency, typically 102 — 10° rad/s
~ 1 hour to complete

: o limit of oscillator
the experiment

ot

Y=Y ®COS® or y=1wy,e
: i(awt +
T = 1,sin(wt + J) or T= roel(wt 9)
= 1, sin ®t cos + 1, cos ® t sin &
U
component of stress component of stress
in phase with y in phase with y
Elastic bit! Viscous bit!
Defn =Gy, sin ot + G Yy, cos ot T a strain
T " Ty .
So G = —2cosd, G = —%sind Pa
Y 0 i 0
Storage Modulus Loss Modulus
Elastic Viscous
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=G Y
Complex modulus G*  (another way of saying the same thing).

. , " e (ot +93)
ﬁQ=G=G+iG= To-t
(V) Yoe®
U U
Elastic Loss
Modulus Modulus
So G +iG" = ¢!
7o
now (e'® = cosd+1isin )
So G - focosd G" = DOsing N/m?
Yo Yo
As before
So
— P " _ * 1wt
t=Y70G'smot +y,G"cosot or 1=79G e

Another definition

For a given strain, vy if we know Tty and & from the rheometer

dimensions of viscosity

Complex viscosity n as
1
For given », and known .. G’  :- Storage modulus
G”> :- Loss modulus
n :- Complex viscosity

These properties capture the viscoelastic properties of a material, but the
values will depend on the test frequency ( time scale applied).
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Measure 1, and 0 using TA instruments rheometer or other instrument, then
we know the following, for a given ®
1. G’ storage modulus. 2. G” Loss modulus. 3. n*Complex viscosity

10° Storage Modulus
* .
n G’ dominates
G’ & G’ (Pa)
n (Pas)
'~ Loss Modulus
Cross over E
107! + G dominates i

107 10°
Angular frequency of oscillation o rads/sec

Rheometer measures Torque and from this we need shear stress

Typical viscoelastic data that we wish to model. (See appendix)

1. Oscillatory Viscoelastic response.
linear viscoelastic response ,y

Frequency sweep
Strain sweep *

o —-\ 10°) M G
linear E

. non linear
region
10
107 . 10° 107 10
Strainy angular frequency
at fixed frequency o, ~ 1 rads/sec at fixed strainyo
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2. Steady Shear

10* Linear region
A_ppar(_ant Carreau
Viscosity
n
a
(Pas)
shear thinning
10
shear rate ¢
Silly Putty; real data.
Silly Putty frequency sweep, strain = 1%, 160204
1000000 T T T
l l l o0
| | __.-!""--i
100000 { ~~ -~ — -~~~ -~ e o eI et
| \ B *
l l m® .
" AAAAAAAAAA%AAAAAAA%Q?!AAAAQ&AAQAAAAA
S 10000 { - R R > e A-g -
= ‘ gl ‘ ¢ ‘ Aa)
" | . | ‘ |
€ . n 8 o l
© B (1] ‘ ¢ L4 |
& 1000 L 1 ¢ 1
o 5] I ¢ | |
= (1] | * | |
© m" | ot | | *G
© u ] | . 3 | |
o o ¢ ! ! mG"
I L B S e R e
o S * I I | A n*
o l l l
00 | | |
I e e e B e
1 1 1 1
0.01 0.1 1 10 100
Frequency /rad.s™
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Modelling of viscoelasticity
We are going to build a model that, eventually is going to be able to predict
both the linear viscoelastic and non linear shear thinning behaviour of a

viscoelastic material such as a polymer melt.

Stage 1 The linear viscoelastic part

Coupling of linear viscous and elastic elements

The Maxwell element series coupling of elastic and viscous component

Maxwell often favoured for stress relaxation

elastic constant g

1N viscosity

linear spring

The Voigt element. parallel coupling

Y=Y1=72
T=T1+t1T

linear dashpot |

<— viscous

AVAVA

T=NY

Voigt often favoured for creep (constant stress experiments)

We will follow Maxwell, but you should “play with” Voigt model.

The Maxwell Model (Differential form)

(T, 7) —W

T1Y1

Local (11, V1)

Coupling 1= 1,.=17,

T1=8MY1

Stress continuity

CET 2B. Section 3, Viscoelasticity-2011
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S

T2 = .
nT, entropy —» elastic

viscous friction of chain
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Y= Nt Strain additivity

Then y = y.l + ylz

Governing ordinary differential equation

d_j/ — ﬂ_l + l or 7\,21 (Pa S)
dt dt g n g (Pa)
1*" order ODE d—7 = d—T + L — M 11 ti
order g dt dt ﬂ, axwcell equation

where the relaxation time of the element A

is given by /g, (s)

Example. Response of Maxwell element — Spring and dashpot in series

a..Steady shear
S R
t
dt=0

p dt

t d """"""""""""" t
= -0 Then T
dt

Linear response, Newtonian. We will have to make

Newtonian later

Maxwell model predicts Newtonian behaviour in simple
shear.Most complex VE Fluids are shear thinning and so we
will have to fix this later.

b. Stress relaxation after steady shear

exponential decay
time constant A, 10°-10°

A >0
A >0

All elastic
All viscous

CET 2B. Section 3, Viscoelasticity-2011
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=Yy
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c. Oscillatory motion. (Important and frequently used)

Use complex notation

Apply 7/('[) = yoeia’t Variables (yo, ®)
Measure T(t) = Toel (et 5)
Strain rate 7/(11) = ia)}/()elwt

T® = Gyee’® = (G +iG")yy e

4) [G' +iG ]7/0a)e ot

Remember dy dr + 2 so, M 1l ti
) = -, , axwell equation
Sa At 1
Substitute for vy, t
H ia)t 3 { . " ia)t l [] " Ia)t
Jiwyee' @ = i[G +iG"owe 4 [(G' +iG")yee
Yields
2 2
(o A® - A
G' G" = % , M = g—/z
( + A ﬁ + Ao ) ﬁ + M@? }
o —»0 G—»0 o —>0 G’—»0 o —>0 n—gk n
® —» © G—rg ® —» © G’"—»0 ® —» © n—>0
Elastic
Newtopian Plateau G/ domination
n o Elastic
G’ & G’ (Pa) o
n" (Pas) hear thinning
, complex viscosity
viscous E»\
domination ! CTOSS OVET T oss/'

angular frequency ®
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_ |
i |

A bit of maths. Differential equations versus integral equations.

The Maxwell Model (Integral form wrt strain rate)
Differential equation

T dt dy n
-+ — =g— A== 1" order ODE
% dt St g oreer
Multiply by integrating factor i i :
ply Dy 1nicg g ; ; d (e = e+ do
leﬂ/?» + et/?»_T — g_Vet/K dt A dt
A dt dt

assume T =0 att’ =-o0

current time
t ! : ' '
rel? = fget//1 7/([)dt
-00

<

' PRl
oot (tt)//l N
Stress at current time —»/ T(t)‘; = [ge Y ([ )dt <— strain rate at past time t’
N ’ - \\\\__—’,/

ast time

~--

Maxwell equation in terms of past strain rate — current stress depends on

past strain rate.

applied strain rate —

t’=- t’

0 t’

—> |l

start the clock past time (variable) current time

T (t) — g e-(t-t’)/}m '}./(t’)dt’

Fading memory
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Test strain rate equation Steady shear

t= - t=0 t=t
past time current time

7(t) = _}g e_@t')/i;'/([' )jt'

(0 - a7 1o € Vg
—00
t !
297;0 ﬂe-(t-ty;t :g/“}o

Tss = N7 as before
t current time t is a constant
T (t) Jge—(l—l’)/}u’\?odta
_w t
_ g%e.l/xj e
-00

t .
_ g%e-t/x e
-00

vl =

= gYoh A

T= MYo Newtonian as before

The integral Maxwell strain rate equation gives the same result in
steady and other shear deformations as the differential Maxwell
equation.
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Integral Maxwell in terms of past strain rate. General

deformations.
Y2
Y \
Y n :
0
strain :
rate !
-0 =y £ =t
t'= it’: 0 E r=t
pasttime ! i current time
| I
stress i !
! 11
| ! v
t
I t(t)=|ge™yt)dt =0
-0
t t
11 T(t)= ge'(t't’)/ * yidt’ =y, ge'f e Mt
0~ 0

111

10Y

Ift=t; then t = 1,

0 t
T (t) :X +J -(t-t")/A . 'Y dt _’_J -(t-t")/A ,}0,2 dt,
o %0

- t

Ift—tzthenr—?

t
T (1) \ [ge (tt)/ky dt’ J{ge ()L . o dt+ Nt-t’)& dt’

t) t

Exponential decay

CET 2B. Section 3, Viscoelasticity-2011
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Lets integrate again in order to obtain the Maxwell integral strain
equation.

The Maxwell Model (Integral form wrt strain)
We know

Stress at time t, t k-iYa /
—00

Now Judv = - Vdu

. % o -

integrate above by parts,

- las €V,

where strain is given by strain strain
. Two strain terms
Define strain Strain = 0 at current time t
| t' * ” ”
Aol 5 0)a
t
where t=current time and t’ = past time
Note whent’=t y=0
We are measuring strain from current time
So
Integral Maxwell equation — past strain
P9 ) (.t )j
() = = t
(t) /1 ¥
Stress at time t " Past strain history
1(L6) = | 1)t
t t’ b
=t
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Test Maxwell strain integral equation.

steady shear Y = const

past time

Determine past strain history

1

1 t ' " n
By definition }/(t,t )= [y (t )dt
t
' : t' ”" : '
For steady shear 7(t,t )= yo ldt =y, (t - t)
t
—oy (t-t)
Y
Y
0
strain

t=-o0

=t
current time

strain increases
negatively
backwards

t'=t
current time

vy=0

Introduce new variable s, (you don’t have to do this, but it generally

makes calculation simpler ).

Let s =t—t!

ds = - dt!
S =00 s=t s=t—t s=0
t=-o t=0 t =t t =t

CET 2B. Section 3, Viscoelasticity-2011
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0
_ g _-s/2
Integral strain equation 7(t) = +] 2 € 7(0, s) ds
o0

Also, strain 7=-7;0(t-t')=-7;08
0 .
7(t) =-j§ yose Trds
: 0
7(t) = —%yo{(—ﬂ,se_sm)o + Me_s/;tds}

=+ 917./0 |§—s/ll

T=ghY, =nY, Newtonian, as before.

t

T(t) = J% ey (¢, £)de
-0
t

(1) =J% e Ly (t-t)dt
-00

t
(1) =+% o e'mj(t - 0)etMde

-0

integrate by parts

T=NY = AgYo

Newtonian

The Integral strain Maxwell equation will predict the same results as the integral
Maxwell strain rate equation and the differential Maxwell equation.
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Another example. Stress growth and stress relaxation. This one is a bit
more challenging!

The key to solving these problems is to be clear in your mind what the strain
rate history is and then determine the correct strain history for the
appropriate time domain that is of interest to you (or the examiner!)

¥ 11
YO [ l : 11
v g
strain 7o \\ \\ !
rate \ v=0
AN\ o
' =- 00 t=0 I t’:i I t =
sector 1! | sector 2
| |
. . I |
If current time in sector 1 | |
strain : |
|
\ (-t |
|
\ \ . ! —
-Tot “Tot -
if current time in sector 2 _ 47
. -~ |
strain _noly /\ |
4 r=0 -Yo (t—t7) + 90 (t—11)
- Yo (ty —t7)
0 t
I T(t)= J'% e (o tydt” - J'% e (o (t-t7))dt’
-00 0
0 t t
111 T (t) — _J% e'(t-t’)/)x ("}./O tl)dt’ _J% e'(t—t’)/k ("?O (tl_t’))dta + J(O)
-00 0 t
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Tackle our two further problems
1. Multiple relaxation times. One Maxwell element doesn’t
usually fit the data well.
2. Non linear response. Maxwell elements are linear
in steady shear and we know interesting fluids can, for example, shear thin.

1.Introduce spectrum of relaxation times
The parallel coupling of Maxwell elements

g1 ni A

— ANANAN

=X
f o 2 N2 A2

gi Ni Ai

— 1i~3-8

The integral constitutive equation then becomes,

L\l P multi-mode
7(t) = ! " ( ([ t )j'[ Maxwell integral

equation in terms

-0 " 1 :
\ N

For oscillatory data the equatlons become. of past strain

2 2
' YN gi iO) " gi7\-10)
‘ i/ (1 + ® ) ‘i (1 + }\.-0) ]

* A
7" (@) = 9i4i
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We now need to find the “best fit” g;, A ,. This is potentially a tricky
problem. Use software on Rheometrics to get best fit.

storage
and loss g
modulus P
G’ G”
[
, [
model fit
o
lar f
angular frequency »
ill posed problem, there are multiple answers
With a spectrum of relaxation times we can get a good fit to linear
viscoelastic data.
X
G G g < / Polydisperse material
X
X
(0]
® 0% 10" 10° 10

M A2 A3 A4
Choose a range of A,

Perform least square fit for best fit, g; to fit G’, G’
This requires software algorithms.

Multi-mode modelling is essential for realistic engineering predictions

Obtained giAi parameters
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2.Introduce non linear steady shear response

Mainly due to M H Wagner Rheol Acta 15, 136, (1976)

one only
Add a non linear “damping parameter” to constitutive equation. This
is best done using the strain 1ntegral equatlon

_ gi )/ﬂﬁ —k |7 Lt } strain dependant
(t) = J Z 1 ( ( ’7 ( )dt equation
-0 i

damping factor Thls 1s the new bit!

-k |7/ (f,t )% Modulus

Modulus (always pos)
damping parameter
k=0 Maxwell
k ranges from 0 — 1

0

Non linear

(t-t)//ii —k|;/( ) y(tt )dt

gie
lt] =- kX P

1 strain dep of material

______________

_______
_______

factor
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The effect of the damping parameter on different deformations

Steady shear Y (t' ) = Y, always

¥

Y

0

t'=-09 t=0 =t
past time current time
Y
Y
-0
strain

=t
current time

, Y=-Y (t-t)
7t)=-ro-t)
Lets=(t—t), substitution makes calc easier
N use s =(t-t)
(0, ) =-Y oS (Optional)
ds=-dt
(0] o _k' .
7(t) = -jZ%e P yosyosds
w M
01 g
—aSs
T(t) = -J‘Zk—i Y e sds
o0

| :
where o = o kY

1
integrate by parts
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1
|
steady shear «——! T[yo - Z
[1 +k

e ————— k =0 — Newtonian
Check the form of steady shear equation

Relaxation modes single mode or multi-mode
Non linear k k=0 k#0
a) singleA, k=0 k~0—1
T =Y, Newtonian as before
< —— Newtonian
T
7

b)  single A, k=0
7 o
. \2
(l + kA 70)

Max
v

T:

decreases — not physically realistic

T Stress \ /

Non linear — good news

o Newtonian

CET 2B. Section 3, Viscoelasticity-2ddin rate ! 27



¢) multiple A, k=0

T Stress

TZZT]i}'/

vy Strain rate

response is still linear

d) multiple A, k#0

v

close to
Power law
Non linear
t Stress
X] 7\.2 7L3
0 10° s

Strain rate vy
operating range

This non linear response may match “Power law” Bingham .... Or other
steady shear constitutive equation.

CET 2B. Section 3, Viscoelasticity-2011
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We now have a model that describes LVE response and the non linear steady
shear response. This is what we want!

Multi-mode Wagner
Good for predicting LVE response
Good for predicting steady shear shear thinning response

But how do we get the value that non linear parameter k?
Use step strain experiments

Step Strain

strain t=0 t'=t !
t’ = -00 T
l
Y i
0 I
|
ST S=0 i
Ss=t
s<t vy=0 Wt
s>t Y= Yo g et
recall
Yo

i .
t(t) = __I;z%e—(s)/kl voe K10 d
1

stress at time t

t(t)=70 60 T g e

Relaxation modulus at finite strain

o(t)  —krj & i

67j)-2-e T £ gt
J

but small strain modulus given by

CET 2B. Section 3, Viscoelasticity-2011 29



Go(t) = o) _ izgie—t//’»i
Y0
SO e_k7=G}/j (t)
Go(t)

So, measure relaxation modulus at small and large strain and use above

equation to get k.

/Ratio gives k

Go(t) small strain
log G(t)

Gi(t)
large strain

Ga(t)

log (1)
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And finally (in this section),
Integral constitutive equation also solves another mystery in polymer
science

The Cox Merz Rule
shear thinning shear thinning
Na
n* Complex Apparent
viscosity viscosity
n*
X
angular frequency (o) steady shear rate 7 ()
LVE data Non linear behaviour
Cox Merz rule 7 (o) = na( )/j

where @ = 7
Maxwell model with damping function predicts,

1 .
* .
Complex viscosity. n (o) = X nlz 5 Zgu];tlgn
(1 + Ao ]

Apparent viscosity

Na YS

non linear
term

equations are not identical but provided k > 0 and you have a spectrum of
relaxation times, they are of similar form and give a close match.

Cox Merz Rule — is an accidental coincidence !
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Summary of this important section.

CET 2B. Section 3, Viscoelasticity-2011
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Appendix 1

Rheological data. Golden Syrup
A high viscosity Newtonian Fluid.
Note. No Shear thinning, very little elasticity, G’ low, and Cox Merz obeyed.

Apparent visocosity

Golden Syrup at 25°C

100 |
n 4;00000000000000000.,.,,...,...0
a L
[Pa.s] :
10 |
1 | | L
0.1 1 10 100
Shear Rate [s'1]
Golden Syrup at 25°C (1% Strain)
10000 -
N
A
1000 | G..\ .
r A
: A a
A a
100 | R .
é————«;————of—~—<>————<>~~—g————<‘>————«>~——— S
10 ¢ . \ n
L &
1 I L
1 10 100

Frequency [rad/s]
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Golden Syrup at 25°C (Cox-Merz)

100 |

10 |

Na

n*

4544g@.,@w%w&,;ﬁ,”@O/,4><

* * 0\0 L 4 * o 4

4

1 10
Shear Rate [s'1] | Frequency [rad/s]
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Appendix 2
Rheological data. A molten Polyethylene

( typical data for a commercial PE)
A high viscosity viscoelastic Fluid.
Note. Shear thinning, viscoelasticity, G’ and G’’ similar magnitude.
Cox Merz obeyed.

Apparent and Complex viscosity; showing shear thinning and Cox Merz rule
behaviour.

100000

i 6a, + Apparent
*=10000 54, Viscosity

a Complex
Viscosity

Apparent and Complex
Viscosity (Pas)

1000 | |
0.01 0.1 1 10

Rate (s-1) and Frequency (rad/s)

Strain sweep showing linear regime

100000

EEEEEEEEEEEEEEEEEEEEg,
$4900000000000000000,, "

10000 "
* - GI
A - GII

s + Eta*
1000 -

AAAAAAAAAAAAAAAAAAAAAAAAAAA

G', G" (Pa), Eta* (Pa.s)

100 ‘ ‘ ‘
0.1 1 10 100 1000

Strain (%)
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Frequency sweep showing viscoelastic response.

Data shows classic shear thinning of complex viscosity. Also scross over for G’, G”’

curves.
100000 100000 . G
—~ 10000 |G
g + 10000
-~ 6_5 — G' Modelled
ED 1000 -
- *s | — G" Modelled
O | + 1000 m
100 . Etg*
10 ‘ ‘ 100 — Eta*
Modelled

001 0.1 1 10 100
Frequency (rad/s)
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